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ABSTRACT 
In this paper, We are going to show that α -cut method can be used for finding Com- 
parative operation of triangular fuzzy sets. 
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1. Introduction 
In most of cases in our life, the data obtained  for decision making are only approxi- 
mately known. In1965, Zadeh [1] introduced the concept of fuzzy set theory to meet 
those problems. In 1978, Dubois and Prade defined any of the fuzzy numbers as a fuzzy 
subset of the real line [2]. Yong Sik Yun [3] presented a method for generalized triangular 
fuzzy sets. α-cut method is a standard method for performing different arithmetic 
operations like addition, multiplication, division, subtraction. Rezvani [7-17] introduced 
the concept of relation between Fuzzy Numbers. In [5] and [6] the authors argue that 
finding membership function for square root of X where X is a fuzzy number, is not 
possible by the standard alpha-cut method. 

In [4] the authors proposed a method for construction of membership function 
with using α -cut. In this paper, we are going to show that α-cut method can be used 
for finding Comparative operation of triangular fuzzy sets. 
 
2. Preliminaries 

Definition 1. The set ( ){ }AA x X xα µ α= ∈ ≥ is said to be the α -cut of a fuzzy set 

A. 
The membership function of a fuzzy set A can be expressed is terms of the characteristic 
functions  of its α -cut according to the formula 

                 ( ) ( ] ( )( ) ( )0,1sup min , 1A Ax x
ααµ α µ∈=  

where 

                ( ) ( )1
2

0
A

if x A
x

if otherwiseα

αµ
 ∈

= 


 

 
It is easily checked that the following properties hold 

                ( ) ( ) ( ), 3A B A B A B A Bα α α αα α∪ = ∪ ∩ = ∩  
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Definition 2. A triangular fuzzy number is a fuzzy number A having membership function 

                       ( ) ( )
1 3

1
1 2

2 1

3
2 3

3 2

0 , ,

, 4

.

A

x a a x

x a
x a x a

a a

a x
a x a

a a

µ


 < ≤
 −= ≤ ≤ −
 − ≤ ≤

−

 

The above triangular fuzzy number is denoted by ( )1 2 3, ,A a a a= . 

 
Definition 3. We generalize the triangular fuzzy number. A generalized triangular fuzzy 
set is symmetric and may not have value 1. 
A generalized triangular fuzzy set is a symmetric fuzzy set A having membership 
function 

          ( ) ( )

( )

( )
1 3

1 1 2
1

2 1

2 1 2
2

2 1

0 , ,

2
, 5

2

2
.

2

A

x a a x

c x a a a
x a x

a a

c x a a a
x a

a a

µ


 < ≤
 − += ≤ < −
− − +
 ≤ <

−

 

 
where 1 2,a a R∈  and 0 1c< ≤ . 

The above generalized triangular fuzzy set is denoted by 

                              ( )( ) ( )1 2,c, 6A a a=  

Let ( ) ( )
1 2,A a aα α

α
 =   and ( ) ( )

1 2,B b bα α
α

 =   are the α -cuts of A and B, respectively. 

Since 

( )( )1 1 1

2 1

2c a a

a a

α

α
− −

=
−

and 

( )( )1 2 2

2 1

2c a a

a a

α

α
− −

=
−

, we have 

                
( ) ( ) ( ) ( ) ( )2 1 2 1

1 2 1 2
1 1

, , 7
2 2

a a a a
A a a a a

c c
α α

α
α α− − 

 = = + +   − 
 

Similarly, we have 

                
( ) ( ) ( ) ( ) ( )2 1 2 1

1 2 1 2
2 2

, , 8
2 2

b b b b
B b b b b

c c
α α

α
α α− − 

 = = + +   − 
 

 
3. Addition of fuzzy Sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  and ( )( )2 2 2,c ,B a b=  be two triangular fuzzy sets, Suppose the 

membership function of A, B is 
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          ( ) ( )

( )

( )
1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
, 9

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

And 

               ( ) ( )

( )

( )
2 2

2 2 2 2
2

1 1

2 2 2 2
2

2 2

0 , ,

2
, 10

2

2
.

2

B

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

                
( ) ( ) ( ) ( ) ( )1 1 1 1

1 1 1 1
1 1

, , 11
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

And  

        
( ) ( ) ( ) ( ) ( )2 2 2 2

2 2 2 2
2 2

, , 12
2 2

b a b a
B a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   and ( ) ( )

1 2,B b bα α
α

 =   are the α -cuts of A and B, 

respectively. To calculate addition of fuzzy sets A and B we first add the α -cuts of A and 
B using interval arithmetic. 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 2 2 2 2
1 1 2 2

1 1 2 2

2 1 1 1 2 2 2 1 1 1 2 2
1 2 1 2

1 2 1 2

, ,
2 2 2 2

, 13
2 2

b a b a b a b a
A B a b a b

c c c c

c b a c b a c a b c a b
a a b b

c c c c

α α
α α α α

α α

− − − −   
+ = + + + + +   − −   

 − + − − + −      = + + + + 
  

 

Now, we find the membership function ( )A B xµ +  

        

( ) ( ) ( )

( )
( ) ( ) ( )

2 1 1 1 2 2
1 2

1 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

2
14

c b a c b a
x a a

c c

x a a c c
a a x c c

c b a c b a

α

α

− + −  = + +

− +  ⇒ = + ≤ ≤ +
− + −
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And 

         

( ) ( ) ( )

( )
( ) ( ) ( )

2 1 1 1 2 2
1 2

1 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

2
15

c a b c a b
x b b

c c

x b b c c
c c x b b

c a b c a b

α

α

− + −  = + +

− +  ⇒ = + ≤ ≤ +
− + −

 

Therefore membership function ( )A B xµ + is 

  ( )

( )
( ) ( )

( )
( ) ( )

( )

1 2 1 2
1 2 1 2

2 1 1 1 2 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

16
2

A B

x a a c c
a a x c c

c b a c b a
x

x b b c c
c c x b b

c a b c a b

µ +

 − +   + ≤ ≤ +
− + −= 

− +    + ≤ ≤ + − + −

 

 

Example 1. Let 
12

2, ,5
5

A
  =   
  

and
6

1, ,3
5

B
  =   
  

 be two triangular fuzzy sets, 

Suppose the membership function of A, B is 

( ) ( )

( )

( ) ( )

( )

0 2, 5 , 0 1, 3 ,

8 7 6
2 2 , 1 2 2,

5 2 5
8 7 6

5 5. 3 2 3.
5 2 5

A B

x x x x

x x x x x x

x x x x

µ µ

 
 < ≤ < ≤
 
 = − ≤ < = − ≤ < 
 
 − − ≤ < − − ≤ <  

 

And 

( ) ( )

( ) ( )

1 1

2 2

5 5
, 2, 5 ,

8 8

5 5
, 1, 3 .

6 6

A a b

B a b

α α
α

α α
α

α α

α α

  = = + − +    

  = = + − +      
Therefore 

5 5 5 5
2, 5 1, 3

8 8 6 6

35 35
3, 8

24 24

A Bα α α α α α

α α

   + = + − + + + − +      

 = + − +  

 

Now, with use (14),(15) we get 

( )

( )

35 24 18
3 3 3

24 35 5
35 24 18

8 8 8
24 35 5

x x x

x x x

α α

α α

= + ⇒ = − ≤ ≤

= − + ⇒ = − ≤ ≤
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which gives 

( )
( )

( )

24 18
3 3 ,

35 5
24 18

8 8.
35 5

A B

x x
x

x x

µ +

 − ≤ ≤= 
 − ≤ ≤


 

 
4. Subtraction of fuzzy Sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  and ( )( )2 2 2,c ,B a b=  be two triangular fuzzy sets, Suppose the 

membership function of A, B is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

And 

( ) ( )

( )

2 2

2 2 2 2
2

1 1

2 2 2 2
2

2 2

0 , ,

2
,

2

2
.

2

B

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

And  

( ) ( ) ( ) ( )2 2 2 2
2 2 2 2

2 2

, ,
2 2

b a b a
B a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α  =   and ( ) ( )
1 2,B b bα α

α  =   are the α -cuts of A and B, 

respectively. To calculate subtraction of fuzzy sets A and B we first add the α -cuts of A 
and B using interval arithmetic. 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 2 2 2 2
1 1 2 2

1 1 2 2

2 1 1 1 2 2 2 1 1 1 2 2
1 2 1 2

1 2 1 2

, ,
2 2 2 2

, 17
2 2

b a b a b a b a
A B a b a b

c c c c

c b a c b a c a b c a b
a b b a

c c c c

α α
α α α α

α α

− − − −   
− = + + − + +   − −   

 − + − − + −      = + − + − 
  

 

Now, we find the membership function ( )A B xµ −  

         

( ) ( ) ( )

( )
( ) ( ) ( )

2 1 1 1 2 2
1 2

1 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

2
18

c b a c b a
x a b

c c

x a b c c
a b x c c

c b a c b a

α

α

− + −  = + −

− −  ⇒ = − ≤ ≤ −
− + −

 

And 

        

( ) ( ) ( )

( )
( ) ( ) ( )

2 1 1 1 2 2
1 2

1 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

2
19

c a b c a b
x b a

c c

x b a c c
c c x b a

c a b c a b

α

α

− + −  = + −

− −  ⇒ = − ≤ ≤ −
− + −

 

Therefore membership function ( )A B xµ − is 

 ( )

( )
( ) ( )

( )
( ) ( )

( )

1 2 1 2
1 2 1 2

2 1 1 1 2 2

1 2 1 2
1 2 1 2

2 1 1 1 2 2

2

20
2

A B

x a b c c
a b x c c

c b a c b a
x

x b a c c
c c x b a

c a b c a b

µ −

 − −   − ≤ ≤ −
− + −= 

− −    − ≤ ≤ − − + −

 

 

Example 2. Let 
12

2, ,5
5

A
  =   
  

and
6

1, ,3
5

B
  =   
  

 be two triangular fuzzy sets, 

Suppose the membership function of A, B is 

( ) ( )

( )

( ) ( )

( )

0 2, 5 , 0 1, 3 ,

8 7 6
2 2 , 1 2 2,

5 2 5
8 7 6

5 5. 3 2 3.
5 2 5

A B

x x x x

x x x x x x

x x x x

µ µ

 
 < ≤ < ≤
 
 = − ≤ < = − ≤ < 
 
 − − ≤ < − − ≤ <  

 

And 
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( ) ( )

( ) ( )

1 1

2 2

5 5
, 2, 5 ,

8 8

5 5
, 1, 3 .

6 6

A a b

B a b

α α
α

α α
α

α α

α α

  = = + − +    

  = = + − +      
Therefore 

5 5 5 5
2, 5 1, 3

8 8 6 6

35 35
1, 4

24 24

A Bα α α α α α

α α

   − = + − + − + − +      

 = − − +  

 

Now, with use (18),(19) we get 

( )

( )

35 24 6
1 1 1

24 35 5
35 24 6

4 4 4
24 35 5

x x x

x x x

α α

α α

= − ⇒ = + − ≤ ≤

= − + ⇒ = − ≤ ≤
 

This gives 

( )
( )

( )

24 6
1 1 ,

35 5
24 6

4 4.
35 5

A B

x x
x

x x

µ −

 + − ≤ ≤= 
 − ≤ ≤


 

 
5. Multiplication of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  and ( )( )2 2 2,c ,B a b=  be two triangular fuzzy sets, Suppose the 

membership function of A, B is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

And 

( ) ( )

( )

2 2

2 2 2 2
2

1 1

2 2 2 2
2

2 2

0 , ,

2
,

2

2
.

2

B

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−
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Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

And  

( ) ( ) ( ) ( )2 2 2 2
2 2 2 2

2 2

, ,
2 2

b a b a
B a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   and ( ) ( )

1 2,B b bα α
α

 =   are the α -cuts of A and B, 

respectively. To calculate multiplication of fuzzy sets A and B we first add the α -cuts of 
A and B using interval arithmetic. 
    

( ) ( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

1 1 1 1 2 2 2 2
1 1 2 2

1 1 2 2

1 1 2 2 1 1 2 2 2 2 1 12
1 2

1 2 1 2

1 1 2 2 1 1 2 2 2 2 1 12
1 2

1 2 1 2

. , . ,
2 2 2 2

,
4 2

4 2

b a b a b a b a
A B a b a b

c c c c

b a b a b a a c b a a c
a a

c c c c

b a b a a b b c a b b c
b b

c c c c

α α
α α α α

α α

α α

− − − −   
= + + + +   − −   

 − − − + −   
= + +    
    

− − − + −   
+ +    

    

(21) 

Now, we find the membership function ( ).A B xµ  

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 2 2 1 1 2 2 2 2 1 12
1 2

1 2 1 2

1 1 2 2 2 2 1 1

2

1 1 2 2 2 2 1 1 1 1 2 2 1 2
1 2 1 1 2 2

1 2 1 2

1 2 1 2

4 2

2 /
2

b a b a b a a c b a ac
x aa

cc cc

b a a c b a ac

b a a c b a ac b a b a aa x
cc b a b a

cc cc

aa x cc

α α

α

− − − + −   
= + +   

   

⇒ = − − + −

− + − − − −  + − − − 
  

≤ ≤

(22) 

And 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )( )( ) ( )( )

1 1 2 2 1 1 2 2 2 2 1 12
1 2

1 2 1 2

1 1 2 2 2 2 1 1

2

1 1 2 2 2 2 1 1 1 1 2 2 1 2
1 2 1 1 2 2

1 2 1 2

1 2 1 2

4 2

2 /
2

b a b a a b b c a b bc
x bb

c c c c

a b b c b a bc

a b b c a b bc b a b a bb x
c c b a b a

c c c c

c c x bb

α α

α

− − − + −   
= + +   

   

⇒ = − − + −

− + − − − −  + − − − 
  

≤ ≤

(23) 
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Therefore membership function ( ).A B xµ is 

( )
( ) ( )

( ) ( ) ( )( )( ) ( ) ( )

( ) ( )

( ) ( ) ( )( )( )

.

1 1 2 2 2 2 1 1

2

1 1 2 2 2 2 1 1 1 1 2 2 1 2
1 2 1 1 2 2

1 2 1 2

1 2 1 2

1 1 2 2 2 2 1 1

2

1 1 2 2 2 2 1 1 1 1 2 2 1 2
1 2 1

1 2 1 2

2 /
2

,

2 /
2

A B x

b a a c b a ac

b a a c b a ac b a b a aa x
c c b a b a

c c c c

aa x c c

a b b c b a bc

a b b c a b bc b a b a bb x
c c b

c c c c

µ

− − + −

− + − − − −  + − − − 
  

≤ ≤
=

− − + −

− + − − − −  + − 
  

( )( )1 2 2

1 2 1 2.

a b a

c c x bb













− −



≤ ≤

 

 

Example 3. Let 
12

2, ,5
5

A
  =   
  

and
6

1, ,3
5

B
  =   
  

 be two triangular fuzzy sets, 

Suppose the membership function of A, B is 

( ) ( )

( )

( ) ( )

( )

0 2, 5 , 0 1, 3 ,

8 7 6
2 2 , 1 2 2,

5 2 5
8 7 6

5 5. 3 2 3.
5 2 5

A B

x x x x

x x x x x x

x x x x

µ µ

 
 < ≤ < ≤
 
 = − ≤ < = − ≤ < 
 
 − − ≤ < − − ≤ <  

 

And 

( ) ( )

( ) ( )

1 1

2 2

5 5
, 2, 5 ,

8 8

5 5
, 1, 3 .

6 6

A a b

B a b

α α
α

α α
α

α α

α α

  = = + − +    

  = = + − +      
Therefore 

2 2

5 5 5 5
. 2, 5 . 1, 3

8 8 6 6

25 55 25 145
2, 15

48 24 48 24

A Bα α α α α α

α α α α

   = + − + + − +      

 = + + − +  

 

Now, with use (22),(23) we get 
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2

2

25 55 55 625 1200 72
2 2

48 24 25 25

25 145 145 3025 1200 72
15 15

48 24 25 25

x
x x

x
x x

α α α

α α α

− + += + + ⇒ = ≤ ≤

+ += − + ⇒ = ≤ ≤
 

thich gives 

( ).

55 625 1200 72
2 ,

25 25

145 3025 1200 72
15.

25 25

A B

x
x

x
x

x

µ

 − + + ≤ ≤
= 

+ + ≤ ≤

 

 
6. Division of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  and ( )( )2 2 2,c ,B a b=  be two triangular fuzzy sets, Suppose the 

membership function of A, B is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

And 

( ) ( )

( )

2 2

2 2 2 2
2

1 1

2 2 2 2
2

2 2

0 , ,

2
,

2

2
.

2

B

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

And  

( ) ( ) ( ) ( )2 2 2 2
2 2 2 2

2 2

, ,
2 2

b a b a
B a b a b

c c
α α

α
α α− − 

 = = + +   − 
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Therefore ( ) ( )
1 2,A a aα α

α
 =   and ( ) ( )

1 2,B b bα α
α

 =   are the α -cuts of A and B, 

respectively. To calculate Division of fuzzy sets A and B we first add the α -cuts of A 
and B using interval arithmetic. 

( ) ( ) ( ) ( )

( )

( )

( )

( ) ( )

1 1 1 1 2 2 2 2
1 1 2 2

1 1 2 2

1 1 1 1
1 1

1 1

2 2 2 2
2 2

2 2

/ , / ,
2 2 2 2

2 2
, 25

2 2

b a b a b a b a
A B a b a b

c c c c

b a b a
a b

c c
b a b a

b a
c c

α α
α α α α

α α

α α

− − − −   
= + + + +   − −   

− − 
+ + − =

− − + + − 

 

 

Now, we find the membership function ( )/A B xµ  

               

( )

( )

( )
( ) ( ) ( )

1 1
1

1

2 2
2

2

1 2 2 1 1 1

1 2 2 2 1 1 2 2

2

2

2
26

b a
a

c
x

b a
b

c

c c xb a a c
x

c x b a c b a b c

α

α

α

−
+

=
−

+
−

−
⇒ = ≤ ≤

− + −

 

And 

               

( )

( )

( )
( ) ( ) ( )

1 1
1

1

2 2
2

2

1 2 1 2 1 1

1 2 2 2 1 1 2 2

2

2

2
27

b a
b

c
x

b a
a

c

c c b xa c b
x

c x b a c b a c a

α

α

α

−
+

−=
−

+

−
⇒ = ≤ ≤

− + −

 

Therefore membership function ( )/A B xµ is 

        ( )

( )
( ) ( )

( )
( ) ( )

( )

1 2 2 1 1 1

1 2 2 2 1 1 2 2

1 2 1 2 1 1

1 2 2 2 1 1 2 2

2

28
2

A B

c c xb a a c
x

c x b a c b a b c
x

c c b xa c b
x

c x b a c b a c a

µ −

−
≤ ≤ − + −= 

− ≤ ≤
 − + −

 

 

Example 4. Let 
12

2, ,5
5

A
  =   
  

and
6

1, ,3
5

B
  =   
  

 be two triangular fuzzy sets, 

Suppose the membership function of A, B is 
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( ) ( )

( )

( ) ( )

( )

0 2, 5 , 0 1, 3 ,

8 7 6
2 2 , 1 2 2,

5 2 5
8 7 6

5 5. 3 2 3.
5 2 5

A B

x x x x

x x x x x x

x x x x

µ µ

 
 < ≤ < ≤
 
 = − ≤ < = − ≤ < 
 
 − − ≤ < − − ≤ <  

 

And 

( ) ( )

( ) ( )

1 1

2 2

5 5
, 2, 5 ,

8 8

5 5
, 1, 3 .

6 6

A a b

B a b

α α
α

α α
α

α α

α α

  = = + − +    

  = = + − +      
Therefore 

5 5 5 5
/ 2, 5 / 1, 3

8 8 6 6

15 48 120 15
,

72 20 20 24

A Bα α α α α α

α α
α α

   = + − + + − +      

+ − =  − + 

 

Now, with use (26),(27) we get 
15 48 72 48 2

2
72 20 15 20 3
120 15 120 24

2 5
20 24 20 15

x
x x

x
x

x x

α α
α
α α

α α

+ −= ⇒ = ≤ ≤
− +
− −= ⇒ = ≤ ≤
+ +

 

which gives 

( )/

72 48 2
2,

15 20 3
120 24

2 5.
20 15

A B

x
x

xx
x

x

µ

α

− ≤ ≤ +=  − ≤ ≤
 +

 

 
7. Inverse of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b= be a triangular fuzzy sets, Suppose the membership function of A is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 
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( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α  =   is the α -cuts of A. To calculate inverse of fuzzy sets A  

we first add the α -cuts of A using interval arithmetic. 

( ) ( ) ( ) ( ) ( )
1 1 1 11 1 1 1

1 11 1
1 11 1

1 1 1 1
, 29

,
2 22 2

b a b aA b a b a
b aa b

c cc c
α α αα α

 
 
 = =

− − − −  + ++ +    −−   

 

 

Now, we find the membership function ( )1/A xµ  

       ( )
( )
( ) ( )1 1 1

1 1 1 1 1 1
1

1

21 1 1
30

2

c xb a
x x

b a x b a b c
b

c

α
α

−
= ⇒ = ≤ ≤

− −+
−

 

And 

       ( )
( )
( ) ( )1 1

1 1 1 1 1 1
1

1

2 11 1 1
31

2

c xa
x x

b a x b a c a
a

c

α
α

−
= ⇒ = ≤ ≤

− −+
 

Therefore membership function ( )1/A xµ is 

             ( )

( )
( )
( )
( )

( )

1 1 1

1 1 1 1

1/

1 1

1 1 1 1

2 1 1

32
2 1 1 1

A

c xb a
x

x b a b c
x

c xa
x

x b a c a

µ

−
≤ ≤ −= 

− ≤ ≤
 −

 

 

Example 5. Let 
12

2, ,5
5

A
  =   
  

be a triangular fuzzy sets, Suppose the membership 

function of A is 

( ) ( )

( )

0 2, 5 ,

8 7
2 2 ,

5 2
8 7

5 5.
5 2

A

x x

x x x

x x

µ


 < ≤

= − ≤ <

− − ≤ <

 

And 
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( ) ( )
1 1

5 5
, 2, 5 .

8 8
A a bα α

α α α  = = + − +    
 

Therefore 

1 1
1/ ,

5 5
5 2

8 8

Aα

α α

 
 

=  
 − + +
 

 

Now, with use (30),(31) we get 
1 40 8 1 5

5 5 5 125
8
1 8 16 5 1

5 5 12 25
8

x
x x

x

x
x x

x

α
α

α
α

−= ⇒ = ≤ ≤
− +

−= ⇒ = ≤ ≤
+

 

which gives 

( )1/

40 8 1 5
,

5 5 12
8 16 5 1

.
5 12 2

A

x
x

xx
x

x
x

µ

− ≤ ≤=  − ≤ ≤


 

 
8. Exponential of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  be a triangular fuzzy sets, Suppose the membership function of A 

is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   is the α -cuts of A. To calculate exponential of fuzzy sets 

A we first add the α -cuts of A using interval arithmetic. 
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( ) ( ) ( )

( ) ( ) ( )

1 1 1 1
1 1

1 1

1 1 1 1
1 1

1 1

exp exp ,
2 2

exp ,exp 33
2 2

b a b a
A a b

c c

b a b a
a b

c c

α
α α

α α

 − − 
= + +   −  

 − −   
= + +    −     

 

 

Now, we find the membership function ( ) ( )exp A xµ  

  
( ) ( ) ( ) ( ) ( )1 1 1 1

1 1 1
1 1 1

2 ln
exp , exp exp 34

2

b a c x a
x a a x c

c b a

α
α

− − 
= + ⇒ = ≤ ≤  − 

 

And 

  
( ) ( ) ( ) ( ) ( )1 1 1 1

1 1 1
1 1 1

2 ln
exp , exp exp 35

2

b a c x b
x b c x b

c a b

α
α

− − 
= + ⇒ = ≤ ≤ − − 

 

Therefore membership function ( ) ( )exp A xµ is 

        ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

1 1
1 1

1 1
exp

1 1
1 1

1 1

2 ln
, exp exp

36
2 ln

, exp exp
A

c x a
a x c

b a
x

c x b
c x b

a b

µ

−
≤ ≤ −= 

− ≤ ≤
 −

 

 

Example 6. Let 
12

2, ,5
5

A
  =   
  

be a triangular fuzzy sets, Suppose the membership 

function of A is 

( ) ( )

( )

0 2, 5 ,

8 7
2 2 ,

5 2
8 7

5 5.
5 2

A

x x

x x x

x x

µ


 < ≤

= − ≤ <

− − ≤ <

 

And 

( ) ( )
1 1

5 5
, 2, 5 .

8 8
A a bα α

α α α  = = + − +    
 

Therefore 

( ) 5 5
2 , 5

8 8
exp A exp expα α α    = + − +    

    
 

Now, with use (34),(35) we get 
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( ) ( )

( ) ( )

5 8 12
exp 2 ln 2 exp 2 exp

8 5 5

5 8 12
exp 5 5 ln exp exp 5

8 5 5

x x x

x x x

α α

α α

   = + ⇒ = − ≤ ≤   
   

   = − + ⇒ = − ≤ ≤   
   

 

which gives 

( ) ( )
( ) ( )

( ) ( )
exp

8 12
ln 2 exp 2 exp ,

5 5

8 12
5 ln exp exp 5 .

5 5

A

x x

x

x x

µ

  − ≤ ≤  
  = 

  − ≤ ≤   

 

 
9. Logarithm of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  be two triangular fuzzy sets, Suppose the membership function of 

A is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   is the α -cuts of A. To calculate Logarithm of fuzzy sets A 

we first add the α -cuts of A using interval arithmetic. 

        

( ) ( ) ( )

( ) ( ) ( )

1 1 1 1
1 1

1 1

1 1 1 1
1 1

1 1

ln ln ,
2 2

ln , ln 37
2 2

b a b a
A a b

c c

b a b a
a b

c c

α
α α

α α

 − − 
= + +   −  

 − −   
= + +    −     

 

 

Now, we find the membership function ( ) ( )ln A xµ  

  
( ) ( ) ( ) ( ) ( )1 1 1 1

1 1 1
1 1 1

2 exp
ln , ln ln 38

2

b a c x a
x a a x c

c b a

α
α

− − 
= + ⇒ = ≤ ≤  − 

 

And 
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( ) ( ) ( ) ( ) ( )1 1 1 1

1 1 1
1 1 1

2 b exp
ln , ln ln 39

2

b a c x
x b c x b

c b a

α
α

− − 
= + ⇒ = ≤ ≤ − − 

 

Therefore membership function ( ) ( )ln A xµ is 

               ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

1 1
1 1

1 1
ln

1 1
1 1

1 1

2 exp
, ln ln

40
2 b exp

, ln ln
A

c x a
a x c

b a
x

c x
c x b

b a

µ

−
≤ ≤ −= 

− ≤ ≤
 −

 

 

Example 7. Let 
12

2, ,5
5

A
  =   
  

be a triangular fuzzy sets, Suppose the membership 

function of A is 

( ) ( )

( )

0 2, 5 ,

8 7
2 2 ,

5 2
8 7

5 5.
5 2

A

x x

x x x

x x

µ


 < ≤

= − ≤ <

− − ≤ <

 

And 

( ) ( )
1 1

5 5
, 2, 5 .

8 8
A a bα α

α α α  = = + − +    
 

Therefore 

( ) 5 5
ln ln 2 , ln 5

8 8
Aα α α    = + − +    

    
 

Now, with use (38),(39) we get 

( )( ) ( )

( )( ) ( )

5 8 12
ln 2 exp 2 ln 2 ln

8 5 5

5 8 12
ln 5 5 exp ln ln 5

8 5 5

x x x

x x x

α α

α α

   = + ⇒ = − ≤ ≤   
   

   = − + ⇒ = − ≤ ≤   
   

 

which gives 

( ) ( )
( )( ) ( )

( )( ) ( )
ln

8 12
exp 2 ln 2 ln ,

5 5

8 12
5 exp ln ln 5 .

5 5

A

x x

x

x x

µ

  − ≤ ≤  
  = 

  − ≤ ≤   
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10. Square root of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  be two triangular fuzzy sets, Suppose the membership function of 

A is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−

 

Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   is the α -cuts of A. To calculate square root of fuzzy sets A 

we first add the α -cuts of A using interval arithmetic. 

               

( ) ( ) ( )

( ) ( ) ( )

1 1 1 1
1 1

1 1

1 1 1 1
1 1

1 1

,
2 2

, 41
2 2

b a b a
A a b

c c

b a b a
a b

c c

α
α α

α α

− − 
= + + − 

 − −   
 = + +   −     

 

 

Now, we find the membership function ( ) ( )
A

xµ  

        
( ) ( ) ( ) ( ) ( )

2
1 11 1

1 1 1
1 1 1

2
, 42

2

c x ab a
x a a x c

c b a

α
α

−− 
= + ⇒ = ≤ ≤  − 

 

And 

        
( ) ( ) ( ) ( ) ( )

2
1 11 1

1 1 1
1 1 1

2 b
, 43

2

c xb a
x b c x b

c b a

α
α

−− 
= + ⇒ = ≤ ≤ − − 

 

Therefore membership function ( ) ( )
A

xµ is 

              ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

2
1 1

1 1
1 1

ln 2
1 1

1 1
1 1

2
,

44
2 b

,

A

c x a
a x c

b a
x

c x
c x b

b a

µ

 −
 ≤ ≤

−= 
−

≤ ≤ −
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Example 8. Let 
12

2, ,5
5

A
  =   
  

be a triangular fuzzy sets, Suppose the membership 

function of A is 

( ) ( )

( )

0 2, 5 ,

8 7
2 2 ,

5 2
8 7

5 5.
5 2

A

x x

x x x

x x

µ


 < ≤

= − ≤ <

− − ≤ <

 

And 

( ) ( )
1 1

5 5
, 2, 5 .

8 8
A a bα α

α α α  = = + − +    
 

Therefore 

( ) 5 5
2 , 5

8 8
Aα α α

    = + − +    
     

 

Now, with use (42),(43) we get 

( )

( )

2

2

5 8 12
2 2 2

8 5 5

5 8 12
5 5 5

8 5 5

x x x

x x x

α α

α α

   = + ⇒ = − ≤ ≤   
   

   = − + ⇒ = − ≤ ≤   
   

 

which gives 

( ) ( )
( )

( )

2

2

8 12
2 2 ,

5 5

8 12
5 5.

5 5

A

x x

x

x x

µ

  − ≤ ≤  
 = 

  − ≤ ≤   

 

 
11. thn root of fuzzy sets with using α -cut 

Let ( )( )1 1 1,c ,A a b=  be two triangular fuzzy sets, Suppose the membership function of 

A is 

( ) ( )

( )

1 1

1 1 1 1
1

1 1

1 1 1 1
1

1 1

0 , ,

2
,

2

2
.

2

A

x a b x

c x a a b
x a x

b a

c x b a b
x b

b a

µ


 < ≤
 − += ≤ < −
 − − +
 ≤ <

−
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Then 

( ) ( ) ( ) ( )1 1 1 1
1 1 1 1

1 1

, ,
2 2

b a b a
A a b a b

c c
α α

α
α α− − 

 = = + +   − 
 

Therefore ( ) ( )
1 2,A a aα α

α
 =   is the α -cuts of A. To calculate thn root of fuzzy sets A 

we first add the α -cuts of A using interval arithmetic. 

               

( ) ( ) ( )

( ) ( ) ( )

1
1

1 1 1 1
1 1

1 1

1 1

1 1 1 1
1 1

1 1

,
2 2

, 45
2 2

n

n

n n

b a b a
A a b

c c

b a b a
a b

c c

α
α α

α α

− − 
= + + − 

 − −    = + +    −     

 

 

Now, we find the membership function 
( )

( )1

nA
xµ  

        
( ) ( ) ( ) ( ) ( )

1

1 11 1
1 1 1

1 1 1

2
, 46

2

n
n

n n
c x ab a

x a a x c
c b a

α
α

−− 
= + ⇒ = ≤ ≤  − 

 

And 

       
( ) ( ) ( ) ( ) ( )

1

1 11 1
1 1 1

1 1 1

2 b
, 47

2

n
n

n n
c xb a

x b c x b
c b a

α
α

−− 
= + ⇒ = ≤ ≤ − − 

 

Therefore membership function 
( )

( )1

nA
xµ is 

              

( )
( )

( ) ( ) ( )

( ) ( ) ( )
( )1

1 1

1 1
1 1

1 1

1 1
1 1

2
,

48
2 b

,
n

n

n n

nA

n n

c x a
a x c

b a
x

c x
c x b

b a

µ

 −
 ≤ ≤

−= 
−

≤ ≤ −

 

 

Example 9. Let 
12

2, ,5
5

A
  =   
  

be a triangular fuzzy sets, Suppose the membership 

function of A is 

( ) ( )

( )

0 2, 5 ,

8 7
2 2 ,

5 2
8 7

5 5.
5 2

A

x x

x x x

x x

µ


 < ≤

= − ≤ <

− − ≤ <
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And 

( ) ( )
1 1

5 5
, 2, 5 .

8 8
A a bα α

α α α  = = + − +    
 

Therefore 

( )
1 1

1 5 5
2 , 5

8 8

n n
nAα α α

 
    = + − +       
 

 

Now, with use (46),(47) we get 

( )

( )

1 1
1

1 1
1

5 8 12
2 2 2

8 5 5

5 8 12
5 5 5

8 5 5

n n
n n

n n
n n

x x x

x x x

α α

α α

   = + ⇒ = − ≤ ≤   
   

   = − + ⇒ = − ≤ ≤   
   

 

which gives 

( )
( )

( )

( )
1

1
1

1
1

8 12
2 2 ,

5 5

8 12
5 5 .

5 5

n

n
n n

A
n

n n

x x

x

x x

µ


  − ≤ ≤    = 

  − ≤ ≤  
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