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ABSTRACT

Recently, the present authors introduced the notion of the complemented shift map
in the symbol space X,. In this paper we have proved some further chaotic

properties of the complemented shift map and pointed out some differences in the
dynamics of the complemented shift map and the shift map.
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1. Introduction

A general dynamical system is sometimes defined as a pair (X, ) consisting
of a set X together with a continuous map f from X into itself. However
dynamical systems are also studied in abstract metric spaces. In several of such
studies a dynamical system is described by a metric space (X, p) along with a self
map f. In most of the cases, X is assumed to be compact without being an isolated
point. Chaotic dynamical systems constitute a special class of dynamical systems. In
1975, Li and Yorke [9] gave the first mathematical definition of chaos through the
introduction of & -scrambled set and in 1993, S. Li [8] introduced the notion of @ -
chaos through the introduction of @ -scrambled set. Devaney [4] chaos is another
popular type of chaos. In particular there are several works on symbolic dynamics
which are dynamics represented by maps on symbol spaces. Some of these works
are noted in references [1, 2, 5, 6, 7, 10]. Of particular interest is the space 2, which
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has been considered in a large number of works. Devaney [4] and Robinson [11]
both have given vivid description of the space 2,. Recently, the present authors
have extended the idea of the shift map to the generalized shift map in [1] and
proved that the generalized shift map is chaotic on 2, .

We now describe the space X, which we explicitly consider in our present
work and the complemented shift map defined on it. The space
Y={aia=(a,a ... ),a; =0orl} is the symbol space containing two

symbols 0 and 1. Also we all know that the space 2, is a compact metric space with

. s, =t
the metric d(s,t) = Z#, where s = (5,5,....... ) and f = (¢,t,........ ) are any
i=0
two points of 2,. We note that maximum distance between any two points of X,

1

with our chosen metric is 1, because d(s,7) < (E + o7 F e )=1.

In [2], we introduced the concept of the complemented shift map ¢’ on X,
and proved that the complemented shift map o’ is @ -chaotic with some additional
features and is topologically conjugate to the shift map (the conjugacy is
h(a) = (aya,a,a;.......... ), where a =(aya,.......... ) is any point of X,). In this
paper we have proved some further strong chaotic properties of the complemented
shift map and also introduced the concept of opposite points on X, . In Theorem 3.1,

we have proved that the dynamical system (Z,,0") has chaotic dependence on
initial conditions. In Theorem 3.2, we have proved that the complemented shift map
o':X, > X, is totally transitive on X,. In the last section, we have given a

counter example to prove that not all topologically transitive maps are totally
transitive. A comparison of the behaviors of shift map and complemented shift map
has been given in Section 4.

2. Mathematical Preliminaries
In this section we have presented some definitions and lemmas which are
essential for establishing the theorems in the next section.

Definition 2.1 (Shift map [4]): The shift map o:%, = X, is defined by

Lol (2707 T ) = (a0, ), where @ = (@,Q..c.c........ ) is any point

Next we give the definition of the complemented shift map which we have
introduced in [2].

Definition 2.2 (Complemented shift map [2]): Let s = (5,8;....c....... ) be any point
of X,. Then the complemented shift map o':X, > X, is defined by
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O'(8) = (5]8 eerereennns ), where s is the complement of s,. So it is the map which

shifts the first element of a point and then also changes all others into its
complement.
We now introduce the concept of opposite points in the symbol space.

Definition 2.3 (Opposite points): Let x,) be two points of X,. Then the points
X,y are called opposite points of X ,, if d(x,y) =1, that is, the distance of x,y is
maximum in X,.

Definition 2.4 (Sensitive dependence on initial conditions [4]): A continuous map
f X > X issaid to have sensitive dependence on initial conditions if there exists

0 >0 such that, for any x € X and any neighborhood N(x) of x, there exist

y € N(x) and n >0 such that p(f"(x), f"(y)) > O, where (X, p) is a compact

metric space.
Definition 2.5 (Topologically transitive [4]): A continuous map f:S — § is

called topologically transitive if for any pair of non empty open sets U,V < S there
exists k > 0 such that f*(U) NV # ¢, where (S, p) is a compact metric space.
Definition 2.6 (Totally transitive [12]): Let (X, p) be a compact metric space. A
continuous map f : X — X is called totally transitive if f" is topologically
transitive for all n >1.

Definition 2.7 ( Li -Yorke pair [3]): A pair (x,y) e X’ is called Li —Yorke (with
modulus 6 >0) if and only if limsup po(f"(x), f"(¥))>06 and

n—0

liminf p(f"(x), f"(y))=0, where X is a compact metric space with the metric

p and f is a continuous mapping on X. The set of all Li -Yorke pairs of modulus

O is denoted by LY(f,0).
Definition 2.8 (Chaotic dependence on initial conditions [3]): A dynamical
system (X, f) has called chaotic dependence on initial conditions if for any x € X

and every neighborhood N(x)of x there is a y € N(x) such that the pair
(x,y) € X* is Li -Yorke.

Definition 2.9 (Distance between two sets): Let (X, 0) be a compact metric space
and A4, B be two non empty subsets of X . Then the distance between 4 and B is
denoted by d (A4, B) and defined by d(4,B)=inf{d(x,y):xe€ A,y € B}.
Definition 2.10 (Topological conjugacy [4]): Let f:A—> A and g: B —> B be
two continuous mappings. Then f and g are said to be topologically conjugate if
there exists a homeomorphism #4:A4—> B such that ho f=goh. The
homeomorphism / is called a topological conjugacy between f and g .
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It is well known that mappings which are topologically conjugate are
completely equivalent in terms of their dynamics.

We also need the following lemmas.

1
Lemma 2.1 [4] Let s, €X, and s, =¢,, for i =0,L,.....,m. Then d(s,?) <2—m

1
and conversely if d(s,t) < 2—m , 8, =t;,fori=0,1,.....,m.

It was proved in [2] that the complemented shift map is a continuous map in
the symbol space X,. We give the proof again here to make this paper self
contained.

Lemma 2.2 The complemented shift map ¢':Z, — X, is a continuous map on the

symbol space X,.

1
Proof: Let &£ >0 be arbitrary. We choose n so large that 2—n<5. Let

e T ) and ¢ = (£t eereecnannnn. ) be any two points of X ,. We now
choose O = S and denote the complement of any binary numeral @, by «, .

1 1
Then d(s,t) < = PYE) XA (C T I S N (7 SR SRR ) B S

=y, =t, fori=0,12,........ ,n+1, (by Lemma 2.1)
=5, =t, for i =0,1,2,........ ,n+1
=5, =t, for i =12,........ ,n+1

n+l-*

= d((S]eeeS] ) (B k] 100) <2Ln, (by Lemma 2.1)

=d(o'(s),0'(t)) < ZL” <&.

This proves that the complemented shift map ¢':%X, — X, is a continuous

map on the symbol space X,.

3. The Main Theorems

Theorem 3.1 The dynamical system (X,,0') has chaotic dependence on initial
conditions.

Proof: Let 5 =(5)8.cccoeuruue. ) be any point of X,. Also let U be any open

neighborhood of s . Since U is open, we can take an open ball ' < U , with radius
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1 . . . . .
& >0.We choose n so large that F < & . The following notations will assist us in

proving Theorem 3.1.

L.Let §=508 e s;and P=pp e, p,, are two finite sequences of
0’s and 1’s, then SP =58 ..cccccu...e. Ry 22y /2 p,, - Further, if we suppose
that 77,75 ,.ceeueee ,T, are p finite sequences of 0’s and 1°s, then 7}7,.............. T,

can be defined in a similar manner as above.
. . ) L
2. If «, is any binary numeral, we denote the complement of &, by «,, that is, if

ap=0 orl,ap:10r0.

_ ' ’ '
3.Let A(S,21+2) = (8,15, 5ceerrerverennes S 31590328 2y eeeeeseenesarenens S3042 )
_ ’ ’ ’
A(S,20 4+ 4) = (85,353,400 eevereereenne St aS dnss S anseeseeeseereiseenes S5ni6) >
_ ' ’ '
A(8,21 4 6) = (85,7855 weerveereerveen S 110 6s10S a1 eeerreerserseenes S7,012), and

S0 on.
Note that for any even integer k > 0, A(s,2n+ k) is a finite string of length
2n+k.
4. Lastly, we take ¢ € X, such that,
E= (808 veeeenn s, A(S,2n+2)A(s,2n+ 4) A(S,20 4 6)..eeeeciiie ).

With those four notations and Lemma 2.1 as above we now prove the
. 1
theorem. By construction s and ¢ agree upto s,. Hence d(s,?) <?< £, by

Lemma2.1.SoteV =telU.
Then two cases come up for consideration.
Case I: When 7 is an odd integer.

Here 0" (8) = (8,18, .y eeeererrevennn. Sy s eeeeneenns ) and

1
[ (3 R S g eeeeeee ).
Note that ¢ consists of infinitely many finite sequences of the type
A(s,2n+ k). So we get,

liminf d(c'" (5),0"" (£)) S UM A((S,,1S,0---Sapegeeres)s (S0 S ageereerens Sopigeeees))
0 0
Slgg(§+_2+ .................. +2n+1)
Hence, liminf d(c'"(s),0""(¢))=0. (3.1

Similarly, 02" (8) = (84,28 5s30eesessesersessrsereens Sypigeeeeeesenerenenns ) and
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2n+2
o (3 o (A S Sy g eeeseneneeneneanan ).

So we get,

imsupd(c"" (), 6" (1) 2 B A((3,,253115-+S3p12-)s (511285003 00085y00-0)

n—>0

I 1
>lm(=+—+ .o +
n—)oo(2 22 2n+1)

=1.
Hence, limsupd(c'"(s),0'" (1)) =1. (3.2)

n—0

Case II: When 7 is an even integer.
1
Then """ (8) = (S, 1S) 5 eereeerennnne D] weeneeeens ) and

1
") = (8] S e S eeeeeenes )

In this case also ¢ consists of infinitely many finite sequences of the type
A(s,2n+k).

So we get,
liariiilf d(c'"(s),0"" (1)) < ,111_{2 d((s) 8], g Saieeeeees)s (Sh 18! S eeeen)
. 0
Sll_l;g(_—i—_Z—'— .................. 2n+l)
Hence, liminf d(c'" (s),0""(¢)) =0. (3.3)
Similarly, 62" (8) = (55,55 2y43+0rsevenee Sypsgeeeeeer) and
() = (85,585 13 0eereees Sipegeeees) -
So we get,
limsupd(c'"(s),0'" (1)) > 11_)1’2 A((S5,,28205-Spia e )s (S90S, 03 evereeS g ene))
1 1
> llig(z+—2+ .................. 2’”1)
=1.
Hence, limsupd(c'"(s),0'"(¢)) =1. (3.4
By virtue of (3.1), (3.2), (3.3), (3.4) in the two cases above we get that
liminf d(c'" (s),0'"(t)) =0 and limsupd(c'"(s),0'" () =1. (3.5)

By virtue of (3.5) it is proved that the pair (s,f) is Li-Yorke. Hence the

dynamical system (X,,0") has chaotic dependence on initial conditions.
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Theorem 3.2 The complemented shift map o' : %, — X, is totally transitive on the
symbol space X, .

Proof: We are to prove that o'" is topologically transitive for all n >1. Let U and
V' be two non empty open subsets of X, and ¢&,&, >0. Also let

8 = (S¢S errerean ) € U be a point such that min{d(s, f)} = ¢, , for any S belongs
to the boundary of the set U . Similarly, let # = (¢,f,............ ) € V' be any point such
that min{d(¢,y)} > &, for any y belongs to the boundary of the set /. Next we

1 1
choose two odd integers k, and k, so large that ST <¢g, and S <¢&,. Then

two cases come up for consideration.
Case I: When 7 is an even integer.

We now consider the point & = (8,5, .....ccocuu... S 1 lolyeeeeenen. PR ). Then by
1
Lemma 2.1, d(s,x) < W <.
Hence € U , thatis, (¢'")" (@) € (¢'")" (U).
On the other hand, (0'")" (@)= (tyt;eceerirererreunn R ).

1
Hence d((c'")" (a),t) <27< &,, by applying Lemma 2.1 again. This gives

(") (a)eV.
Hence we get that (6'")" (U) NV # ¢, where n is any even integer. So the

complemented shift map o':Z, — Z,is totally transitive on £, when n is an

even integer.
Case II: When 7 is an odd integer.

In this case we consider the point = (88| .ccvcevvernenn RPN 71 AP Ly, eenenee ).
1
Then by Lemma 2.1, d(s, f) < PYEN <g.

Hence S €U , thatis, (¢'")"(B) e (") (U).
On the other hand, (G"")" (B) = (fyt;vevererereennn. t

rn 1 . . . .
d((c')"(B),t)<——<e&,, by applying Lemma 2.1 again. This gives

ok,
(@) (B)eV .
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Hence we get that (¢'")" (U) NV # ¢, where n is any odd integer. So the

complemented shift map o' : X, — X, is totally transitive on X, when 7 is an odd
integer.

Combining those two cases as above we get that the complemented shift map
is totally transitive on X, .

4. Some Special Properties
In this section we discuss some basic differences of dynamics of the complemented
shift map and the shift map. We also present a comparative study between the shift
map and the complemented shift map. Here the period means prime period.

We start with the periodic points of those maps. If o:2, — X, is the shift
map, we all know that any repeating sequence of 0's and 1's is always a periodic
point of o . As for example, o = (a,,......... a, 00 ......... A, ) is a periodic

point of period m +1 of o, for all m > 0. But in the case of the complemented
shift map o', the situation is different. In this case not all repeating sequences of 0's
and 1's are periodic in the same period that of o . If x is a periodic point of ¢ such
that it consists of repeating sequences of even number of terms, that is,

X = (XX e Xy 1 XgX eeenenn Xy g eeneenne ) then obviously x is a periodic point of
period 2n of o' On the other hand if we consider the point
V=PV eeeeeen Vou VoV eereenee Vopyeeevenne ), it is a periodic point of o’ with period
2(2n+1), because &' ()= (Poyoeerrnn Von VoV eeeenenes Vo) E Y, but
G (1) = (Vg Yy oo, Vou Vo eereerenens Vigpeereerereenes )=y. Hence for odd

repeating sequences of 0's and 1's the case is different. So for an odd case we choose
the point in a different manner. We now consider the point

_ ( r_ ’ r_r! ! ) th
Z2=(ZyZ) e ZyyZ0Z) erenenenes 2 Z0Z eeeeenenee 2y ZoZ wereenenes Zh e , en
2n+l1 . . .
' (2) = (29Z) e Zyp 202 enereenennene 2 e )=z. So z is a periodic

point of period 27 +1 of o'. Similarly, we can get that z is a periodic point of o
with period 2(27 +1) . Hence we conclude that the periodic points of o and o' are

not same.
We know that one fixed point of any continuous map can not be mapped into
another fixed point by the map itself. But in symbolic dynamics there is an

interesting ~ situation. We consider the points o, =(0000......... ) and
o, =1l.... ) of X,. These are the only fixed points of o . Also we can not
jump from o, to o, (or from 0, to o) under any iteration of o . But we can
always jump from o, to o, (orfrom o, to o) under iteration of o' . Because

c'(c,)=0, and 6'(c,) =0 . Similarly, the points & =(0101................. )
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and 0}2 =(1010................ ) of X, are the only fixed points of ¢’. Hence we can
not jump from o to o (or from o’ to o' ) under any iteration of ¢'. But
o(c})=0) and o(c))=0). So we can say that the fixed points of the

complemented shift map are mapped into one from another by the shift map.
Similarly, the fixed points of the shift map are mapped into one from another by the
complemented shift map.

By the concept of opposite points we see that any two points of X, are not
always opposite points. It is also true that for any point x € Z,; x,0(x) are not

always opposite points. Similarly, for any point y € X,; y,0'(y) are not always

opposite points. But for any point & = (& &;...cccccueue... ) of X,, the distance
between o(@) and o'(@) is always maximum on X, .
Because, d(o(@),0' (@) =d (a0 ..ccvuveeen. ), ([0 )
I 1
= —+—2+ .................. )
2 2

= 1 (which is maximum).
Hence we conclude that for any point & € X,; o(),0'(a) are always
opposite points.

5. Conclusions

We all know that the shift map is the only map in the symbol space 2, which
can be considered as a model of chaotic maps. Recently, we have introduced another
chaotic map, namely, the complemented shift map in the symbol space 2, and have
proved that it is a @ -chaotic map. Since @ -chaos is equivalent to chaos in the sense
of Devaney, the complemented shift map is Devaney chaotic. Hence it is also Li-
Yorke chaotic, because Devaney chaos is stronger than Li-Yorke chaos.

The property in Definition 2.8 is very important for any dynamical system,
because this property is mainly based on Li-Yorke pair but has some common
features with sensitive dependence on initial conditions. Hence we can say that the
complemented shift map has property which is very similar to Li-Yorke pair but also
has some common features with sensitivity.

In this paper we have proved that the complemented shift map is totally
transitive on 2,. So a question arises, are all topologically transitive maps totally
transitive? The following example gives a suitable answer to this question.
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Example 5.1 Let f(x) be a continuous map from [ 0,1] onto itself defined by

x+g,OSxS
3

<x<

1
3
2
f(x)=1q—x+ 3

(USH NN

1
'3

2
—2x+ 2,5 <x<l1
It can be easily proved that the map f is topologically transitive on [0,1]. On
2 2
the other hand it is not totally transitive, since the subintervals [O,E] and [5,1] are

invariant under f %, s0 f * is not topologically transitive on [0,1]. Hence not all
topologically transitive maps are totally transitive.

The complemented shift map o':%, — X, is chaotic in the sense of Li-
Yorke, because it is chaotic in the sense of Devaney. It can also be directly proved
by the scrambled set S consisting of points I',, where I', is defined by,

o’

I', =a,0la,a,a,a,00110,a,0,a,a,0,a,0,a,000111........................ , for all
a=(a,t......... ) in Z,. So our constructed map is a strong chaotic map in the

symbol space X,. Since the shift map is often used to model the chaoticity of a

dynamical system, we can now use the complemented shift map in place of the shift
map to model the chaoticity of a dynamical system. So we conclude that the
complemented shift map is a new model for chaotic dynamical systems.
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