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ABSTRACT 

 
 In this paper, we introduce and study three classes of  FN  - fuzzy topological spaces 
and we establish some  relationships  among them.  We also study some other 
properties of these spaces and obtain their several features. 
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1. Introduction 
     The concepts of fuzzy sets introduced by American Mathematician  Zadesh(1)

 first 
time in 1965. Chang(2) and Lowen(3) developed the theory of fuzzy topological 
spaces based on Zadesh’s concept. From then a number of research papers have 
been published dealing with various aspects of such spaces. Fuzzy normal 
topological spaces have been introduced earlier by Hutton, Sinha , Srivastava(4) et al. 
In this paper we defined three definitions of  normal fuzzy topological spaces while 
all these three definitions are ‘good extensions’ of their counter parts in topological 
spaces. Here we have proved that Normal fuzzy topological spaces are hereditary, 
productive and projective. 
 
1.1. Definition(1) :- A function u from  a set X into the unit interval I is called a 
fuzzy set in X. For every  x∈X , u(x) ∈ I  is called the grade of membership ( g.m.f ) 
of x in u . Some authors say that u is a fuzzy subset of X instead of saying that u is a 
fuzzy set in X. 
 
1.2. Definition(2) :- Let f  be a mapping from a set X into a set Y and u be a fuzzy 
subset of X. Then f  and   u  induced a fuzzy subset  v of  Y defined by  
    v(y) = sup { u (x) }  if  f –1[{y}] ≠ φ ,  x∈ X 
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            = 0  otherwise . 
 
1.3. Definition(2) :- Let f be a mapping from a set X into Y and v be a fuzzy subset 
of Y. Then the inverse of v written as  f –1(v) is a fuzzy subset of X and is defined by  
                    f –1(v)(x) = v ( f (x)) , for x∈ X. 
 
1.4. Definition(2) :- Let I = [ 0 , 1 ],  X be a non empty set , and  I X be the collection 
of all mappings  from  X into  I , ie the class of all fuzzy sets in X . A fuzzy topology 
on X is defined as a family t of members of  I X ,  satisfying the following conditions. 
 
     ( i )    1 , 0  ∈  t , 
     ( ii )   If  u i  ∈ t  for each  i ∈ Λ, then  ∪ i∈ Λ u i  ∈ t. 
     ( iii )  If u 1 , u 2 ∈ t  then  u 1 ∩ u 2 ∈ t . 
                     The pair  ( X , t ) is called a fuzzy topological space ( fts, in short ) and 
members of t are called  t- open ( or simply open ) fuzzy sets . A fuzzy set v is called  
a  t- closed          ( or closed ) fuzzy set  if  1 – v  ∈ t . 
 
1.5. Definition(3) :- ( According to lowen ) A fuzzy topology on a non empty set X is 
a collection  t of fuzzy subsets of  X  such that  
( i ) all constant fuzzy subsets of  X  belong to t . 
( ii )  t is closed under formation of fuzzy union of arbitrary collection of members 
of  t . 
( iii )  t is closed under formation of intersection of finite collection of members of t. 
 
1.6. Definition(4) :- The function  f : ( X , t ) → ( Y , s ) is called fuzzy 

continuous if and only if for every  v ∈ s  , f -1 ( v ) ∈ t , the function f  is called 
fuzzy homeomorphic if and only if  f is bijective and both  f and  f -1 are fuzzy 
continuous. 
 
1.7. Definition(4) :- The function  f : ( X , t ) →  ( Y , s )  is called fuzzy open if 

and only if  for each open fuzzy set  u in  ( X , t )  , f ( u ) is a open fuzzy set in ( Y , 
s ) . 
 
1.8. Definition(4) :- The function   f : ( X , t ) →  ( Y , s )  is called fuzzy closed  

if and only if  for each closed fuzzy set u in ( X , t ) , f(u) is  a closed fuzzy set in      
( Y , s ). 
 
1.9. Proposition(4) :- Let  f : ( X , t ) →  ( Y , s ) be a fuzzy continuous function , 

then for every  s – closed  v , f -1(v) is t – closed. 
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1.10. Definition(5) :-  If u 1 and  u 2 are two fuzzy subsets of  X and Y respectively 
then the Cartesian product  u 1 × u 2 of two fuzzy subsets u 1 and u 2 is a fuzzy subsets 
of  X  × Y defined by  ( u 1 × u 2 ) ( x , y ) = min ( u 1(x) , u 2(y) ), for each pair           
( x , y ) ∈  X  × Y . 
 
1.11. Definition(7) :-  Let  f  be a real valued  function on  a topological  space .  If                  
{ x : f(x) > α } is open for every real α , then f  is called a lower semi continuous 
function .  
 
1.12. Definition(8) :-  Let { X i , i ∈ Λ }, be  any class  of  sets  and  let  X  denoted  
the Cartesian   product  of  these sets,  ie   X = Π i∈Λ X i .  Note that  X  consists  of 
all  points       p =   < a i ,   i ∈ Λ >, where  a i ∈ X i .  Recall  that , for each  j o ∈ Λ,  
we  define  the   projection  π jo  from  the  product  set   X  to  the coordinate space   
X jo .  ie π jo : X →   X jo  by    π jo ( < a i  : i ∈ Λ > ) = a jo , 

These projections are used to define the product topology. 
 
1.12. Definition(5) :-  Let  { X α}α ∈ Λ  be  a  family   of  nonempty sets . Let    X =    
Π α ∈Λ X α  be  the  usual product of  X α ’s and  let π α  be the projection  from X into 
X α . Further assume that each X α  is an fts with fuzzy topology tα . Now the fuzzy 
topology generated by { πα-1( b α) :  b α ∈ t α , α ∈ Λ } as a subbasis , is called the 
product  fuzzy topology  on X .  Clearly  if  w  is a basis element  in the product , 
then there exist  α 1, α 2 , ….. α n ∈ Λ such that    w( x ) =  min { b α ( x α )  :   α =  1 , 
2 , 3 , …… n }, where  x = ( x α ) α ∈ Λ ∈ X. 
 
1.14. Definition(3) :- Let X be a nonempty set  and  T  be a topology on  X . Let t = 
ω(T) be the set of all lower semi continuous (lsc) functions from( X , T ) to I (with 
usual topology). Thus ω(T) = { u ∈ I X    : u -1 (α , 1 ] ∈ T } for each α ∈ I 1. It can 
be shown that ω(T) is a fuzzy topology on X.  
 
                         Let P be the property of  a  topological space ( X , T ) and   FP be  its 
fuzzy topological analogue. Then FP is called a ‘good extension’ of  P “ iff the 
statement ( X , T ) has P iff ( X , ω(T))  has FP ” holds good for every topological 
space ( X , T ). 
 
2. Normal fuzzy topological spaces. 
2.1. Definition :- Let ( X , t ) be a fuzzy topological space and α ∈ I 1 = [ 0 , 1 ). 
     (a)  ( X , t ) is  α - FN(i) space ⇔  ∀ w , w* ∈ t c , with  w ∩ w* ≤ α , ∃ u , u* ∈ t  
such that  
                u(x) = 1 , ∀ x ∈ w -1{1} , u*(y) = 1 , ∀ y ∈ w* -1{1}  and  u ∩ u* = 0. 
 
     (b)  ( X , t )  is α - FN(ii) space  ⇔  ∀ w , w* ∈ t c  with w ∩ w* = 0 , ∃ u , u* ∈ t 
such that  
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                u(x) = 1 , ∀ x ∈ w -1{1}, u*(y) = 1 , ∀ y ∈ w* -1{1} and  u ∩ u* ≤ α . 
 
     (c)    ( X , t )  is a α - FN(iii) space ⇔ ∀ w , w* ∈ t c  with w ∩ w*  ≤ α , ∃ u , u*, 
∈ t such that u(x) = 1 , ∀ x ∈ w -1{1} , u*(y) = 1 , ∀ y ∈ w *-1{1}  and  u ∩ u* ≤ α . 
 
2.2. Theorem :- The following implications are true: 
  ( X , t ) is 0 - FN(i)  ⇔ ( X , t ) is 0 - FN(ii)  ⇔ ( X , t ) is 0 -FN(iii) . 
 
Proof:- Suppose ( X , t ) be 0 -FN(i). We shall prove that ( X , t ) is 0 -FN(ii). Let   
w , w* ∈ t c with w ∩ w* = 0 .  This implies that   w ∩ w* ≤ 0 .  Since  ( X , t ) is       
0 - FN(i),  for α ∈ I1,   ∃ u , u*  ∈ t  such that  u(x) = 1 ,  ∀  x ∈ w -1{1}, u*(y) = 1 ,  
∀ y ∈ w* -1{1} and u ∩ u* = 0. It can be written as  u ∩ u* ≤ 0 . Hence it is clear that 
( X , t ) is α - FN(ii). 
 
          Conversely, suppose that ( X , t ) is 0 - FN(ii). We shall prove that ( X , t ) is  
0- FN(i). Let w , w* ∈ t c with  w ∩ w* ≤ 0 , ie w ∩ w* = 0 . Since ( X , t ) is             
0 –FN(ii) , ∃ u , u* ∈ t such that  u(x) = 1 , ∀ x ∈ w -1{1} , u*(y) = 1 , ∀ y ∈ w* -1 , 
and  u ∩ u*≤ 0 , ie u ∩ u* = 0 . Hence it is clear that ( X , t ) is 0 – FN(i) .  
 
             Next, suppose that  ( X , t ) is 0 – FN(ii) .  We shall prove that   ( X , t ) is    
0 – FN(iii). Let  w , w* ∈ t c with w ∩ w* ≤ 0 , ie w ∩ w* = 0 . Since ( X , t ) is          
0 – FN(ii), ∃ u , u* ∈ t such that u(x) = 1, ∀ x ∈ w -1{1}, u*(y) = 1,∀ y ∈ w* -1{1} 
and u ∩ u* ≤ 0. Hence it is clear that  ( X , t ) is α-FN(iii). 
 
           Conversely, suppose that ( X , t ) is 0 – FN(iii) . We shall prove that ( X , t )  
is 0 – FN(ii). Let  w , w* ∈ t c with  w ∩ w* = 0 , ie w ∩ w* ≤ 0 . Since ( X , t ) is      
0 – FN(iii) , ∃ u , u* ∈ t such that  u(x) = 1, ∀ x ∈ w -1{1}, u*(y) = 1, ∀ y ∈ w* -1{1} 
and u ∩ u* ≤ 0. Hence it is clear that ( X , t ) is α-FN(ii). 
 
2.3. Theorem :- If  0 ≤ α ≤ β < 1 , then 
       (a)  ( X , t ) is β - FN(i)  ⇒ ( X , t ) is  α - FN(i) . 
      (b)  ( X , t ) is  α - FN(ii)  ⇒ ( X , t ) is  β - FN(ii). 
 
Proof :-  First , suppose that  ( X , t ) is  β - FN(i) . We shall prove that  ( X , t ) is   
α - FN(i) . Let w , w* ∈ t c with  w ∩ w* ≤ α. Since  0 ≤ α ≤ β < 1, then  w ∩ w* ≤ β . 
Since ( X , t ) is  β - FN(i), for β ∈ I1, ∃ u , u* ∈ t  such that  u(x) = 1, ∀ x ∈ w -1{1}, 
u*(y) = 1, ∀ y ∈ w* -1{1}  and u ∩ u* = 0 . Hence it is clear that ( X , t ) is  α - FN(i). 
                 Next, suppose that ( X , t ) is α - FN(ii) . We shall prove that ( X , t ) is    
β - FN(ii). Let w , w*∈ t c  with  w ∩w* = 0. Since  ( X , t ) is  α -FN(ii) , ∃  u , u* ∈ t  
such that         u(x) = 1,   x ∈ w -1{1} , u*(y) = 1 , y ∈ w* -1{1} and  u ∩ u* ≤ α . Since 
0 ≤ α ≤ β <1, then      u ∩ u* ≤ β . Hence it is clear that ( X , t ) is  β - FN(ii) .  
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2.4. Theorem :- Let ( X , t ) be a fuzzy topological space , and                                                
I α(t) = { u -1( α , 1 ]  : u ∈ t } , then  
        ( X , t ) is  0 – FN(iii) space  ⇒ ( X , I0(t) ) is Normal space . 
 
Proof :- Suppose  that ( X , t ) be a 0 - FN(iii) space . We shall prove that ( X , I0(t) )  
is Normal space . Let V , V* be closed set in I0(t) , and  V ∩ V* = φ . Then V c , V* c 
∈ I0(t) and  ( V ∩ V* ) c =  V c ∪ V* c = X .  Since V c , V* c ∈ I0(t) , then , ∃  u , u* ∈ t 
such that  V c =  u -1( 0 , 1 ]  and   V* c =  u* -1( 0 , 1 ] and  u -1( 0 , 1 ] ∪ u* -1( 0 , 1]  = 
V c ∪ V* c = X . Hence    ( u ∪ u* ) -1( 0 , 1 ] = X.   Now we find u c , u* c ∈ t c  such 
that ( ( u ∪ u* ) -1 ( 0 , 1 ] ) c = φ . This implies that ( u ∪ u*) c = u c ∩ u* c = 0 . Since  
( X , t ) is 0 - FN(iii) , ∃  v , v* ∈ t  such that   v ≥ 

}1{)( 11 −cu  , v* ≥ 
}1{))(( 11 −∗ cu  ,  v ∩ v*

  

=  0 . But from the definition of I0(t) ,  v -1( 0 , 1 ] , v* -1( 0 , 1 ] ∈  I0(t) , and we get    
v -1( 0 , 1 ] ⊇

}1{)( 11 −cu ( 0 , 1 ],  v* -1( 0 , 1 ] ⊇  
}1{))(( 11 −∗ cu ( 0 , 1 ],       ( v ∩ v*) -1( 0 , 1 ] 

= φ . Put  W = v -1( 0 , 1 ] , W* =  v* -1( 0 , 1 ] in I0(t) . Finally we find that , W ⊇ V , 
W* ⊇ V*  and   W ∩ W* = φ . Hence ( X , I0(t) ) is a normal space. 
 
 
2.5. Theorem :- Let ( X , T ) be a topological space consider the following 
statements: 
          (a)  ( X , T ) be a Normal space  
          (b)   ( X , ω(T) ) be  α - FN(i) space . 
          (c)   ( X , ω(T) ) be  α - FN(ii) space . 
          (d)  ( X , ω(T) ) be  α - FN(iii) space . 
  Then (a) ⇒ (b) ⇒ (c) ⇒ (a) . 
 
Proof :-  First suppose that ( X , T ) is a  Normal space . We shall prove that              
( X , ω(T) )  be   α - FN(i)  space .  Let  w ,  w*  be closed in ω(T)  and w ∩ w* ≤ α .  
Then  it  is  clear that  w c, w* c ∈ ω(T) and ( w ∩ w* ) c ≥ 1 – α > 0. But from the 
definition of  ω(T), (w c)  -1( 0 , 1 ], (w* c) -1( 0 , 1 ]  ∈ T . Now we see that                  
( ( w ∩ w*) c) -1 ( 0 , 1 ] = X , and we also see that    ( (w c) -1( 0 , 1 ] ) c = w -1{1} and  
( ( w* c) -1( 0 , 1 ]) c = ( w*) -1{1} be closed in  T. Now    ( ( ( w ∩ w*) c) -1( 0 , 1 ] ) c =  
( w ∩ w*) -1{1} = w -1{1} ∩ w* -1{1} = φ. Since ( X , t ) is fuzzy Normal , then , ∃ V , 
V* ∈ T such that  V ⊇ w -1{1} , V*  ⊇  w* -1{1}  and  V ∩ V* = φ . But from the 
definition of   ω(T) , 1V , •V1  ∈ w(T) , 1V ≥  

}1{w 1-1  ,  •V1 ≥  
}1{)(w 11 −•   and  •∩VV1 = 0. 

  Hence ( X ,  ω(T) ) is α - FN(i) space .  
 
    It can easily be shown that  (b) ⇒ (c) ⇒ (d) . 
 
    We , therefore prove that  (d) ⇒ (a). 
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           Suppose, that ( X , ω(T) ) is α - FN(iii) . We shall prove that ( X , T ) is a 
normal space. Let V , V* ∈ T c and  V ∩ V c = φ.  Then it is clear that 1V , •V1  be 

closed in ω(T)  and  •∩VV1  = 0 . Since ( X , ω(T) ) is α - FN(iii) , ∃ u , u* ∈ ω(T)  

such that  u ≥ 1V , u* ≥  •V1  and u ∩ u* ≤ α.  But from the definition of  ω(T) ,          
u -1( α , 1 ] ,  u* -1( α , 1 ] ∈ T  and  u -1( α , 1 ] ⊇ ( 1V) -1( α , 1 ] = V ,     u* -1( α , 1 ] 
⊇ ( •V1 ) -1( α , 1 ] = V*  and   u -1( α , 1 ] ∩ u* -1( α , 1 ] =  ( u ∩ u*) -1( α , 1 ] = φ .  
Hence it is clear that ( X , T ) is a normal space . 
                  Thus it is seen that  α - FN(p)  is a good extension  of its topological 
counter part . ( p = i , ii , iii ) 
 
2.6. Theorem :-   Let  ( X , t )  and  (Y , s )  be  two  fuzzy  topological  spaces  and                          
f : X →  Y be a continuous , one-one , onto and open map then , 

          (a)        ( X , t ) is α -FN(i) ⇒ ( Y , s ) is α - FN(i) .  
          (b)        ( X , t ) is α -FN(ii) ⇒ ( Y , s ) is α - FN(ii) .  
          (c)        ( X , t ) is α -FN(iii) ⇒ ( Y , s ) is α - FN(iii) .  
Proof :-   Suppose  ( X , t )  be α - FN(i). We  shall  prove that  ( Y , s )  is α -FN(i).  
Let  w , w*

 ∈ s c  with  w ∩ w*  ≤  α  then  f -1(w) ,  f -1(w*)  ∈ t c  as  f   is   
continuous .  Now        f -1( w  ∩ w*)  ≤ α  as w  ∩ w* ≤  α  ⇒  f -1(w) ∩ f -1(w*) ≤  α. 
Since ( X , t )  is α - FN(i) ,  for α ∈ I1, then ∃ u , u* ∈ t such that  u(x) = 1 , x ∈       
( f -1(w)) -1{1}, u*(y) = 1, y ∈ ( f -1(w*) ) -1{1} and u ∩ u* = 0. This implies that  f(u) , 
f(v) ∈ s as  f is open .  
Now  f(u) (p) = { Sup u(x)       ; f(x) = p  } ,  f -1(p) ∈ ( f -1(w)) -1{1} 
ie  f(u) (p) =  1 , p ∈ w -1{1} 
and  f(u*) (q)  = { Sup u*(y)       ;  f(y) = q   } ,  f -1(q)  ∈ ( f -1(w)) -1{1} 
ie  f(u*) (q) = 1 , q ∈ w* -1{1} and f(u) ∩ f(u*) = f (u ∩ u*) = 0 as  u ∩ u* = 0. 
Now it is clear that  ∃  f(u) ,  f(u*) ∈ s such that   f(u) (p) = 1 ,  p ∈ w -1{1},         
f(u*) (q) = 1 ,    q ∈ w* -1{1}  and f(u) ∩ f(u*) = 0 . Hence ( Y , s ) is α - FN(i) . 
Similarly (b) and (c) can be proved. 
 
2.7. Theorem :- Let  ( X , t ) and  ( Y , s )  be two  fuzzy  topological  spaces  and                        
f : X →  Y be continuous , one-one , onto and closed map then , 

            (a)      ( Y , s ) is α - FN(i) ⇒ ( X , t ) is α - FN(i) . 
            (b)      ( Y , s ) is α - FN(ii) ⇒ ( X , t ) is α - FN(ii) . 
            (c)      ( Y , s ) is α - FN(iii) ⇒ ( X , t ) is α - FN(iii) . 
 
Proof:-   Suppose ( Y , s )  be α - FN(i) .  We  shall  prove  that  ( X , t )  is              
α - FN(i) .  Let  w , w* ∈ t c  with  w ∩ w*  ≤ α ,  then  f(w) , f(w*) ∈ s c  as f is closed   
and   f(w) ∩ f(w*) =      f ( w ∩ w*) ≤ α , as  w ∩ w* ≤ α .  Since ( Y , s )  is α -FN(i) 
,  for α ∈ I1, then  ∃ u , u* ∈ s  such that  u(x) = 1 ,  x  ∈ (f(w)) -1{1},  u*(y) = 1,  y ∈  
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(f(w*)) -1{1} and  u ∩ u*  = 0 .  This implies that  f -1(u) , f -1(u*) ∈ t  as f is continuous 
and u , u* ∈ s . 
Now  f -1(u) (p) = u (f(p)) = u(x) = 1 as  f(p) = x ∈ ( f(w)) -1{1} 
 ie f -1(u) (p) = 1 ,  p ∈ w -1{1} 
     f -1(u*) (q) = u* (f(q)) = u*(y) = 1 as f(q) = y  ∈ ( f(w*)) -1{1} 
ie  f -1(u*) (q) = 1 , q ∈ w* -1{1}  
 and  f -1(u) ∩ f -1(u*) = f -1( u ∩ u* ) = 0 .  
Now it is clear that  ∃ f -1(u) , f -1(u*)  ∈ t such that  f -1(u) (p) = 1, p ∈ w -1{1} , f -1(u*) 
(q) = 1, q ∈ w* -1{1} and f -1(u) ∩ f -1(u*) = 0 . Hence ( X , t ) is α - FN(i). 
Similarly (b) and (c) can be proved. 
 

REFERENCES 
 

1. L. A. Zadeh,: Fuzzy sets. Information and control 8 ,338-353,1965.  
2. C. L. Chang,: Fuzzy topological spaces; J. Math. Anal Appl. 24, 182-192,1968. 
3. R. Lowen,: Fuzzy topological spaces and fuzzy compactness; J. Math. Anal. 

Appl. 56, 621-633,1976. 
4. K. Srivastava and D.M. Ali. A composition of some  FT2 concept. Fuzzy sets 

and system 23, 289-294,1987. 
5. K. Wong ,:  Fuzzy topology : Product and Quotient Theorem . J. Math . Anal . 

Appl. 45, 512-521,1974. 
6. N. R. Das, Baishya, Fuzzy bitopological space and separation of axioms; The 

jour. Fuzzy Math. 2,389-396, 1994. 
7. W. Rudin ,; Real and complex analysis . Copyright ©  1966 , 1974 , by McGraw 

– hill Inc . 
8. S. Lipschutz ,: General , Topology ; Copyright  © 1965 , by the Schaum  

publishing Company 
9. M. S. Hossain and D. M. Ali, On T1 fuzzy topological space. Ganit: J. 

Bangladesh Math. Soc. 24(2004), 99-106. 
10. M.S. Hossain and D. M. Ali, On T2 Fuzzy topological spaces, Journal of 

Bangladesh Academy of Science. 29(2)(2005),201-208, 2005. 
11. M.S. Hossain  D. M. Ali and M. A. Hossain, On T1 Fuzzy bitopological spaces, 

Journal of Bangladesh Academy of Science.31(1), 129-135, 2007. 
12. K. K. Azad,: On Fuzzy semi- continuity, Fuzzy almost continuity and Fuzzy 

weakly continuity; J. Math. Anal . Appl. 82(1)  (1981)  14-32. 
13. J. H. Carmer ,:  L – topologische Raume ( un published ) Universitat Bremen 

(1986) . 
14. .A. A. Ramadan and T.M. El-Adawy, On fuzzifying pre-proximity space, The 

Arabian J. for Science and Engineering. 30(1A), Jan. 2005. 
15. E. Bayoumi and I. Ibedou, GT3/2 – spaces II, J. Egypt. Math. Soc. Vol 14(1) 307-

329, 2006. 
16. Y. C. Kim and S.E. Abbas, Separation axioms of Intuitionistic Fuzzy topological 

spaces, J. Egypt. Math. Soc. 14(2), 353-375, 2006. 



                  Md. Sahadat Hossain and Dewan Muslim Ali 

 

94 

17. Y. Yue; Lattice- Valued incluced fuzzy topological spaces; J. fuzzy sets and 
System, 158, 1461-1471, 2007. 

 


