
Journal of Physical Sciences, Vol. 13, 2009, 175-190 
ISSN: 0972-8791 : www.vidyasagar.ac.in/journal 
 

175 

First Order Reactant in Magneto-hydrodynamic 
Turbulence Before The Final Period of Decay in 
Presence of Dust Particle in a Rotating System 

 
 

M.A.K. Azad, M. A. Aziz  and M.S.Alam Sarker 
 

Department of Applied Mathematics, 
University of Rajshahi-6205, Bangladesh 

 
Received January 22, 2009; accepted  November 11, 2009 

 
ABSTRACT  

Using Deissler’s approach, the decay for the concentration fluctuation of a dilute 
contaminant undergoing a first order chemical reaction in dusty fluid MHD 
turbulence at times before the final period in a rotating system is studied and have 
considered correlations between fluctuating quantities at two and three point.  Two 
and three point correlation equations are obtained and the set of equations is made to 
determinate by neglecting the quadruple correlations in comparison to the second 
and third order correlations. The correlation equations are converted to spectral form 
by taking their Fourier transforms. Finally we obtained the Decay law of magnetic 
energy for the concentration fluctuations before the final period in a rotating system 
in presence of dust particle by integrating the energy spectrum over all wave 
numbers. 

Keywords: MHD Turbulence, First order Reactant, Dust particle, Rotating system, 
Decay before the final period . 

 

1. Introduction   
     
  Deissler [1,2] developed a theory “decay of homogeneous turbulence for times 
before the final period”. Using Deissler's theory, Loeffler and Deissler [3] studied 
the decay of temperature fluctuations in homogeneous turbulence before the final 
period. In their approach they considered the two and three-point correlation 
equations and solved these equations after neglecting fourth and higher order 
correlation terms. Using Deissler theory, Kumar and Patel [4] studied the first-order 
reactant in homogeneous turbulence before the final period of decay for the case of 
multi-point and single-time correlation. Kumar and Patel [5] extended their problem 
[4] for the case of multi-point and multi-time concentration correlation. Patel [6] 
also studied in detail the same problem to carry out the numerical results. Sarker and 
Kishore [7] studied the decay of MHD turbulence at time before the final period 
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using chandrasekher’s relation [8]. Sarker and Islam [9] studied the decay of MHD 
turbulence before the final period for the case of multi-point and multi-time. Azad 
and Sarker[13] studied the Decay of dusty fluid MHD turbulence before the final 
period in a rotating system for the case of multi-point and multi-time. Sarker and 
Islam[11] studied the Decay of  dusty fluid turbulence before the final period  in a 
rotating system. Islam and Sarker [10] studied the first order reactant in MHD 
turbulence before the final period of decay for the case of multi-point and multi-
time. Sarker and Islam [14] also studied the first order reactant in MHD turbulence 
before the final period of decay.           
       In our work, we studied the magnetic field fluctuation of concentration of a 
dilute contaminant undergoing a first order chemical reaction in dusty fluid MHD 
turbulence before the final period of decay in a rotating system. Here, we have 
considered the two-point and three-point correlation equations and solved these 
equations after neglecting the fourth-order correlation terms. Finally we obtained the 
decay law for magnetic field energy fluctuation of concentration of dilute 
contaminant undergoing a first order chemical reaction in dusty fluid MHD 
turbulence in a rotating system comes out to be  
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where 〉〈 2h denotes the total energy (mean square of the magnetic field fluctuations 
of concentration), t is the time and A,B and t0 are constants.  

2. Basic Equations: 

The equation of motion and continuity for viscous, incompressible MHD 
dusty fluid turbulent flow in a rotating system are given by Chandrasekhar [8] as 
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The subscripts can take on the values 1, 2 or 3. 
 
Here, ui, turbulent velocity component; hi, magnetic field fluctuation component, vi, 
dust velocity component 
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ρ

total MHD pressure inclusive of potential and 

centrifugal force; 
       ),ˆ( txp = hydrodynamic pressure,     ρ = fluid density, 
      

     ,
λ
ν

=Mp  magnetic prandtl number, 

      ,
γ
ν

=rp  prandtl number, 

      ν  = kinematic viscosity, 

       ,
pcρ

γ Κ
= thermal diffusivity, 

       ( ) ,4 1−= πµσλ magnetic diffusivity, 
       cp =  heat capacity at constant pressure,  
      mΩ  = constant angular velocity components, 
      kim∈ = alternating tensor, 

      ,
ρ

kNf =  dimension of frequency; N, constant number density of dust particle, 

       ,
3
4 3

sss Rm ρπ= mass of single spherical dust particle of radius Rs,  

      sρ  = constant density of the material in dust particle, 
       xk = Space co-ordinate, the subscripts can take on the values 1, 2 or 3. 

 3. Two-point Correlation and Spectral Equations 

Under the condition that (I) the turbulence and the concentration magnetic field are 
homogeneous (ii) the chemical reaction has no effect on the velocity field and (iii) 
the reaction rate and the magnetic diffusivity are constant, the induction equation of 
a magnetic field fluctuation of concentration of a dilute contaminant undergoing a 

first order chemical reaction at the points p and p′ separated by the vector 
∧

r  could 
be written as 
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Where R is the constant reaction rate.  

Multiplying equation (5) by '
jh and (6) by hi , adding and taking ensemble average, 

we get 
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 Angular bracket 〉〈..........  is used to denote an ensemble average and the 
continuity equation is 
Using the transformations,  
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and the Chandrasekhar relations [8] 
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 Now we write equation (10) in spectral form in order to reduce it to an ordinary 
differential equation by use of the following three-dimensional Fourier transforms.  
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Interchanging i and j, points p and 'p  then, 

[ ] kdrkikrhhurhhu jikjikjik
ˆ)ˆ,ˆ(ˆexp)ˆ()ˆ()ˆ( ''' 〉−〈=〉−〈=〉′〈 ∫

∞

∞−

ψψα .---------- (13) 

 
Substituting of equation (11) to (13) in to equation (10) leads to the Spectral 
equation 
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 The tensor equation (15) becomes a scalar equation by contraction of the indices i  
and j   
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 The term on the  right hand side of equation (16) is called energy transfer term 
while the second term on the left hand side is the dissipation term.     
 
4. Three-point Correlation and Spectral Equations 

Similar Procedure can be used to find the three points correlation equation. 
For this purpose we take the momentum equation of dusty fluid MHD turbulence in 
a rotating system at the point P and the induction equations of magnetic field 
fluctuation, governing the concentration of a dilute contaminant undergoing a first 
order chemical reaction at P′  and P ′′  separated by the vectors r̂ and 'r̂  as 
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potential and centrifugal force ),,ˆ( txP  hydrodynamic pressure; ,mΩ  constant 

angular velocity components; ,mki∈  alternating tensor, 
ρ

kNf = , dimension 

frequency; N, constant number density of dust particle.   

Multiplying equation (17) by ''
ji hh′  (18) by ''

jl hu and (19) by ,il hu ′  adding 
and taking ensemble average, we obtain 
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into equation (20) 
 













∂∂

〉′〈∂
+

′∂′∂

〉′〈∂
++

∂∂

〉′〈∂
+−

∂

〉′∂〈

kk

jil
M

kk

jil
M

kk

jil
M

jil

rr
hhu

P
rr
hhu

P
rr
hhu

P
t
hhu ''2''2''2''

2)1()1(λ   

 

〉〈
∂
∂

−〉〈
∂
∂

−〉〈
∂
∂

+〉〈
∂
∂

= '''
'

'''
'

'''
'

'''
jikl

k
jikl

k
jikl

k
jikl

k

hhhh
r

hhhh
r

hhuu
r

hhuu
r  

 

〉〈
∂
∂

+〉〈
∂
∂

−〉〈
∂
∂

+〉〈
∂
∂

− '''''
'

'''''
'

''''''''
jijl

k
jikl

k
jkil

k
jikl

k

hhuu
r

hhuu
r

hhuu
r

hhuu
r

 

〉〈Ω∈−〉〈−〉〈
∂
∂

+〉〈
∂
∂

+ '''''''''
'

''' 22 jilmmkljiji
l

ji
l

hhuhuhRhwh
r

hwh
r

 

][ '''''' 〉〈−〉〈+ jiljil hhvhhuf                                                                       -----------(22) 
 
 

In order to write the equation (22) to spectral form, we can define the 
following six dimensional Fourier transforms: 
 

[ ] 'ˆˆ)'ˆ'.ˆˆ.ˆ(ˆexp)ˆ()ˆ()'ˆ()ˆ( '''' kdkdrkrkikkrhrhu jiljil +〉′〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββφ        --------- (23)   

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()ˆ()'ˆ()ˆ( '''''' kdkdrkrkikkkrhrhuu jikljikl +〉′〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββφφ                                 

                                                                                                                    -------- (24) 

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()ˆ()'ˆ()ˆ()ˆ( ''''''' kdkdrkrkikkkrhrhruu jkiljkil +〉〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββφφ                              

                                                                                                                   -------- (25) 

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()'ˆ()ˆ( '''' kdkdrkrkikkrhrhuu jikljikl +〉′′〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββφφ                                       

                                                                                                                  --------- (26)  

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()'ˆ()ˆ( ''''' kdkdrkrkikkrhrhhh jikljikl +〉′〈=〉〈 ∫ ∫
∞

∞−

∞

∞−

ββββ                                         

                                                                                                                   -------- (27) 
 



M.A.K. Azad, M. A. Aziz  and M.S.Alam Sarker 

 
182 

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()'ˆ()ˆ( '''' kdkdrkrkikkrhrhw jiji +〉′〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββγ                                               

                                                                                                                  - ------- (28)    

[ ] 'ˆˆ)'ˆ'ˆˆ.ˆ(ˆexp)'ˆ()ˆ()'ˆ()ˆ( '''' kdkdrkrkikkrhrhv jiljil +〉′〈=〉′〈 ∫ ∫
∞

∞−

∞

∞−

ββδ                                                

                                                                                                                     ------- (29) 
 

Interchanging the points p′  and p ′′  along with the indices i and j , result 
in the relations 
 
         〉′〈=〉′′〈 ''''''

jiklijkl hhuuhhuu ,  〉〈=〉′〈 '''''''''
jkiljijl hhuuhhuu , 〉〈=〉′〈 ''''''

jilijl huuhuu                                                 
                                                                                                                   --------(30) 
 

By use of this facts(30) and equations (23)-(29), the equation (22) may be 
transformed as  
 

〉′〈



 −

Ω∈
++′+′++++

∂

〉′∂〈 ''22
'' 2

22)1()1( jil
mmkl

kkMMM
jil fRkkPkPkP

t
ββφ

λλλ
λ

ββφ
 

 
〉′′〈′++〉′′〈′+−〉′〈′+−〉′〈′+= '''''''' )()()()( jiilkjiklkkjiklkkjiklkk kkikkikkikki ββφφββφφββββββφφ

     

〉′〈−〉′〈′++ '''')( jiljill fkki ββδββγ .                                                ------------ (31)           
 
The tensor equation (31) can be converted to scalar equation by contraction of the 
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To relate the terms on right hand side of equation (32) derived from the quadruple 
correlation      terms and from the pressure force term in equation (22), we take the 
derivative with respect to                   lx of the momentum equation (17) for the point 
p, and combine with the continuity equation to give  
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Now taking the Fourier transforms of equation (34) we get 
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Thus the equations (34) and (35) are the spectral equation corresponding to the 
three-point correlation equations. Equation (35) can be used to eliminate 

〉′〈 ''
jiββγ from the equation (32).   

 
 5. Solution for times before the final period 

The equation for final period of decay is obtained by considering the two-
point correlations after neglecting the 3rd order correlation terms. In order to study 
the decay for times before the final period, the three point correlations are 
considered and the quadruple correlation terms are neglected because the quadruple 
correlation terms decays faster than the lower-order correlation terms. For a  better 
equation of the MHD homogeneous turbulence decay from its initial period to its 
final period , three-point correlation equations are to be considered. Here, we neglect 
the quadruple correlation terms since the decay  faster than the lower order 
correlation terms.  
Putting the value of 〉′〈 ''

jiββγ from equation (35) into equation (32 and neglecting all 
the quadruple correlation terms, we have  
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Integrating the equation (37) between t0 and t, and gives  
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    Substituting equation (38) -  (40) in equation (16), we get 
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              Now, 
∧
′kd can be expressed in terms of k′ and θ  that is 

kddkKd ′′−= )(cos2'ˆ 2 θπ                      (cf. Deissler [2]). 
 

With the above relation, equation (41) to give 
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In order to find the solution completely and following Loeffler and Deissler [3] we 
assume that  
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where 0ξ  is a constant. The negative sign is placed in front of 0ξ  in order to make 
the transfer of energy from small large wave numbers for positive value of 0ξ .  
    Substituting equation (43) into equation (42) and completing the integration with 
respect to ,cosθ one obtains  
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    Multiplying both sides of equation (44) by 2k , we get  
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Integrating equation (46) with respect to K ′ , we have  
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   The series of equation (42) contains only even powers of k and start with 4k and 
the equation represents the transfer function arising owing to consideration of 
magnetic field at three points at a time. 
  It is interesting to note that if we integrate equation (47) over all wave numbers, we 
find that 

    ∫
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which indicates that the expression for G satisfies the condition of continuity and 
homogeneity. 

 
   The linear equation (45) can be solved to give 
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where J(K)=
π
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0kN

is a constant of integration and can be obtained as by 

Corrsin[12].                               Substituting the values of G from equation (47) in to 
equation (49) and integrating with respect to t, we get 
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)ˆ(2 '2 KkH jiψψπ= in equation (9), we get the expression for magnetic energy 

decay with the fluctuating concentration as          
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                      Substituting equation (50) in to (51) and after integration with respect 
to k, we get 
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where  
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Thus the decay law for magnetic energy fluctuation of dusty fluid MHD turbulence 
in a rotating system governing the concentration of a dilute contaminant undergoing 
a first order chemical reaction  before the final period may be written as  
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                  where,      
πλ 28 2

3
0N

A =      ,   ZB 0ξ=            

 

6. Results and discussion 
        In equation (53) we obtained the decay law for magnetic energy fluctuation of 
dusty fluid  MHD turbulence  governing the concentration of a dilute contaminant 
undergoing a first order chemical reaction  before the final period in a rotating 
system considering three-point correlation after neglecting quadruple correlation 
terms. If the system is non-rotating and the fluid is clean  i.e. ,0=Ωm and f=0 then 
the equation (53) becomes 
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   which was obtained earlier by Sarker and Islam [14] 
 
In absence of chemical reaction, i.e, R=0 then the equation (54) becomes 
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which was obtained earlier by Sarker and Kishor [7]. 
   This study shows that due to the effect of rotation of fluid in the magnetic field 
with chemical reaction of the first order in the concentrarion in presence of dust 
particle in a rotating system the magnetic field fluctuation i,e.the turbulent energy 
decays more rapidly than the energy for non-rotating clean fluid and the faster rate is 
governed by ]}2{exp[ fsmmkl −Ω∈− . Here the chemical reaction (R≠0) in MHD 
turbulence causes the concentration to decay more they would for non-rotating clean 
fluid and it is governed by  exp }{[ ]fsRT mmklM −Ω∈+− 22 . 
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The first term of right hand side of equation (53) corresponds to the energy of 
magnetic field fluctuation of concentration for the two-point correlation and the 
second term represents magnetic energy for the three-point correlation. In equation 
(53), the term associated with the three-point correlation die out faster than the two-
point correlation. For large times the last term in the equation (53) becomes 
negligible, leaving the -3/2 power decay law for the final period. If higher order 
correlations are considered in the analysis, it appears that more terms of higher 
power of time would be added to the equation (53).    
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