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Theory of Real Functions
and
Introduction to Metric Space

‘ UNIT—1
3x2

4 1. Answer any Three quesitons

| (a) Prove that lim x sin (%]:o
f x—=0 x

.{Tl%rr‘l Over)



(b) Let DcRand f: D - R be a function. If ¢ be ar:
isolated point of D then prove that fis continuous

at c. 2

(c) State the sequential criterion for the continuity of a

function f at a point c. 2

: 1
{d) By Cauchy's principle prove that lim cos— does not

exist. 2

(e} Show that f{x) = x2, xc R is not uniformly continuousl’:
on R. : . 2

2. Answer any one question : 1x5

(a) Let I'= [a, b] be a closed and bounded interval and
f:la, b] - R be continuous on I Then prove that

Sy = 1ix) : xel) is a closed bounded interval.

(b} Let f: [a,b]—» R and g [a, b] - R be Continuous on
lq, b] and let [fla) - gla)l.[f1b) - g(b)] < 0. Show that the

exists a point ¢ in {«, b} such that flal = gla). -

a
Deduce that cos x = x2 for some XE(O’ EJ 3+2
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3. Answer any one question 1x10

|
{a) i) Letthe functions f: R » Rand g: R -

continuous on R. Then prove that the set
4

Rare both

. S=1{xeR: fly =gl is a closed set in R.

- ii) Explain for continuity the function f defined by

. e —x"sinnx ;
: flxy=hm——""—" (OSX‘S%) at x= 1. Explain

norx 1+ x”

why the function f does not vani

[0, 4] although floif(5)<0.

sh any where in

(b) i) Let {a, b} be a closed and bounded interval and
' f:{a, b] —» R be continuous on [a, b]. If fla).fib)<0

then prove that flx = 0 has at least one root in

(a,b). Hence show that any algebraic equation of

ents has at least
5+2

an odd power with real co-effici

| one real root.

ii) Show that if a function f: [a, b] = R is uniformly
(a, b) then it is continuous on (a, b}.
2+1

continuous on

] Is the converse true ? Justify.
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UNIT—2 _
-
4. Answer any two quesitons : 2x2

(a) Let I be an interval and cel Let the function

f: I > R is differentiable at c¢. Then prove that if

k e R, kf is differentiable at ¢ and (kf){c} = kf'(c).

(b} Prove that O<—1-log[e _1J<1, x>0.
x x

{c) Show that there is no real number k for which the —
equation x* - 3x + k = 0 has two distinct roots in
{0, 1j.

S. Answer any two questions : 2x5
(a) Let I = [a,b] and f: I - R be differentiasle on I If
fla})- f'(b)<0 then prove that there exists a point

ce(a,b)s.t. f'c) = 0. S

fb) State Cauchy mean value theorem and deduce
Lagrange mean value theorem from it. Give A
geometrical interpretation of Lagrange mean value
theorem. 1+2+2
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(©' Let f(x)=e ™ sin(%) when x#0 and fi0) = 0

' Show that at every point f has a differential coefficient

: and this is continuous at x = 0. 5
! UNIT—3
6. AI;ISWEI' any two questions : _ 2x%2

|
2

‘ ¥
{a) Use Taylor’s theorem to prove that 005121-"5',

for —re<x<om.

(b) Examine if f has a local maximum or a local

. minimum at 0 where flx) = x - [x].

(©) Find 6, if f(x+h)= f(x)+hf'(x)+g— Fr(x +0h) 0<6<1
and flx) = 5.

7. Answer any one question : 1x10
|

ia) i) State and prove Taylor’s theorem with Langrange
|

i form of remainder. 2+4
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(i} If flx} = sin x prove that lim 6= - where g is
h—0 \/5

given by f(h)= f(0)+ hf'(Oh), O <g<l 4,

(b) (i) State and prove Maclaurin’s infinite series of a

function f. 5

(ii) Derive infinite series expansion of the function

log(l + x), x>-1. 5
UNIT—4
8. Answer any three questions - 3x2

{a) Define separable metric space with example.

(b) Let (X, d) be a metric space. Prove that a non empty

open subset G can be expressed as a union of open
balls,

(c) Let X = R2, the set of all points in the co-ordinate
plane. For x = (x|, X) and y = (y;, y,) in X define
dix, y) = maxt|x; -y}, 1x; - yyllh

Show that d(x, y) is a metric space.
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#4 9. Answer any one guestion : 1x5

(a) Define closer of a set S in a metric space. Prove that
in any metric space closer of a set Sis a closed set.

(b] Let X be the set of all real valued continuous

functions defined on the closed interval [a, b]. If for

' x, y € X, we define d(x,y)=Su1:; |x(t) - y(t)]. Then
asts,

|
prove that (X, d) is a metric space. 5
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