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Full Marks : 100
T'zme 4 Hours

- The figures in the right-hand margin indicate Sull marks

Candidates are required to give their answers in their -
own words as far as practzcable

Illustrate the answers wherever necessary.

Write the answer to. questions of each group in
: Sepmte answer booklet.

Group—A‘
 (Real Analysis)
[Marks : 40]
: Answer'Q. No. 1 and any three from Q. No. 2 to Q. No. 6.

1. Answer ariy one question : - 1x1

- (a) Define positive and negative variations of a function
of bounded variation f on [aq, b]

(b) Define null set.

(Turmn Over)



2. (a)

(b)

3. (a)

)

(©)

C/18/DDE/MSc/Part-1/MTM/ 1

Establish a necessary and sufﬁcient condition for a
function f:[a,b]-> R to be of bounded variation on [a,
b}. g : : 7

Show that the function f(x)=|x—]l,xe[0,2] is a

function of bounded variation on [0, 2]. Find the
positive and negative variation function on [0, 2].
Hence, express f as the difference of two monotone

increasing functions on‘[O, 2]. ‘ .6

If i) is continuous and glx is monotonic',iixcreasing

on [a, b] then prove that the Riemann-Stieltjges
.integral [ f(xdg(x)exists. 5

If f is monotonic iricreasmg and g is continuous on

[a, b], then prove that there exists a number £ in [a,
b], such that A , ; 5

[ fodgto = fla) j‘ dg(x) + £ i dalx)

Find the value of f1(2x+3)da(x)where 3

-8, -1<x<0
3, 0O0=sx«<l

4, x=1

-2, 1<x<2

6, 2<x<3

5,x=3

ofx) =<

(Continued)

4. (a)

®)

Let A;, A, be subsets of [a, b]. Prove that following :

m'(A))+m'(A)2m'(A,UA,)+m’'(A,NA,)

and m.(A))+m.(A))Sm.(AUA,)+m.(ANA,) 4
Let f:[a,b] > R be a measurable function. Then show
~ that the following are equivalent— 6

(©

(i) {x:flx)>a} isa measurable set for every real a,
(ii) {x:f(x)2a}is a measurable set for every real «,
(iii) {x:flx)<a}is a measurable set of every real a,
(iv) {x:f(x)<a} is azmeas_u’rablle set for every real a.

Let {f.},., be a’vsequence of measurable function on

_[a, b). Show that limsupf, and liminff are also

5 ()

()

(©)
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measurable fuhctions on [a, b]. e
State the following theorem :
Lusin’s theorem, Egoroff’s theorem. 3
‘Show that the function :

4 ifxe[l,8]nQ
f(x)‘={_3 if xe{l,B]hQc
is a measurable function on [1, 8]. 4
Let fbe a bounded measurable function on [a, b]. Then
show that f is Lebesgue mtegrable on {a, b] 6

(Turn Over) ;



6. (a) Let fand g be boonded Lebesgue integrable function
on [a, b). If f(x)=>g(x) a.e. on [a, b], then show that

L] flxdx2 L[] glxidx 4

(b) State the Bounded con\?ergehce theorem. Verify the

~~ Bounded convergence theorem for the sequence of .

functions : : w6

Sa(x =-———'—;,0$x51,n=1,2,3,..
e n=]

(c) Show that the. function f(x) deﬁned by

0<x$1
x an :
f( ) {0,. x=0

is Labesgue integrable on [0, 1]. Find 'LI;f (x)x .

Group—B
(Complcx Analysis)
‘[Marks : 30]

Answer all questions.

1. Answer any two questions - ; e 2x2

(a) If flz)=

x*y° (x+zy) . 0
"_—"—+ :

=0,z=0

Verify whether Cauchy-Riemann - equatlons ‘are
satisfied at the origin or not.
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. (b) State the Laurents’ theorem.
{c) Let C be any simpie. closed contour’ described the

‘positive sense in the z—plane and write

” 2z} +22
glw) = f w)’ dz Then find glw) et w is inside

2. Answer any four questxons - ) V '.4x5 :
(a) Let f(z)= (x‘ +2)+1(1 y)"‘ Find all the points in the
- complex plane where f(z) is dxfferentlable and compute

f(2) at those pomts IS f (z) analytxc at any pomt in the
'complex plane ? Justxfy..vv = G i

(b) Find Taylor or Laurent series expansion of the

: functxon f (z)=" z(z i) thh eenter atc = 2 i, where

‘region of convergence is 1<|z+i<2. ; 5

(c) Use oalcﬁlus. of residuesb to show that

E- cos 20 Hox . e

5+4cos8 6
d Ifz=x+iy, x, yreal and i = ({1)1/2,. obtain a set of

sufficient conditions for f(z) to be analytic. 5
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luate - where C is a circle|z-1=4. 5 S : : 1) 1
ol Iz mi o 'I_ | w(2). If wy(0)=1,w'(0)=0 and W 2 )= 3 then find the

() Find all the M&bius transformation which transforms : . ~ value of wj(z) at z = 0. 078 4
the. half plane I(z)20 onto the unit circular disc ; ; ;
|u‘451. ol : e e B : (b) Prove that if f(z) is continuous and has continuous
8. Answer any one question : 1x6 '

: denvatlve in [-1, 1] then f(z) has unique Legendre
(a) Suppose that f{2) = u(x, ) + iv(x, y) and that f'(2) exists :

at a point zg = xg +1y, , then prove that the first order v~senes expansxon is glven b}' flz)= ZC P, n(z) Where

~ partial derivatives of u and v must exist at (x,, y) and - o : P,’s arel Legendre - Polynomxals : and
they satlsfy the Cauchy Riemann equatlons 2 o : : ‘
Sl et tat . b e el e

at (xg, Niger Y 6 o ’
I (ZO) e +wx (xo Yol- ' o (c) Show that J, 2(24’)"'22'12(2") 1and prove that for real z,
L ; ' ' . <mel

Evaluate - ' 6 Jo(z <1 and |J,(z <<l for anl 1. 5

S i 11. (a) Show that nP,(z)= zP’(z) ' (z), here P (z) denotes
Group—C :
the Legendre Polynom1a1 of degree n. 3.

; Ordind Differential Equations)'> : o
( Gin (b) Prove that fP (Z)P (z)dz_ 15,..,. , where 6, and

 [Marks : 30]
(The symbols have their usual meaning)
'~ Answer any two questions :

Pn(z) are the Kroneker delta and Legendre’s
polynomial respectively. v S

"10 @) ”Let Wl(z)_ anq. Wé(z) bE Stwb  soRititngd of (c) Show that Legendre differential equation reduces to

i : ; : ey hyper geometric d1fferent1a1 equatlon by considering
(1-z*)w"(z) - 2zw'(z) + (secz)w =0 with Wronskian
sultable transformation. Find the 1ntegral

. : ; representation of hyper geometric function.  3+4
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12. (a) Find the series solution near z = 0 of (z + 2* + z°)o"(2)
+32%0'(2) - 20(2)=0. 6.

(b) Deduce Rodrigue’s _fonhula for Legendre’s polynomial.
S = & ; - 4

(c) Establish the generaﬁng ft_mc'tion for Bessel’s f;inction
~ Jy(2). Use it, Prove the following 3+2

 2l(2)=2J,,(z)-nJ,(2)
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