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Notation

Decision variables

setup cost of the vendor per setup ($/setup)

quantity ordered by the buyer/production lot size per batch—cycle (unit)
delivery lot size for lot splitting policy (unit)

reorder point of the buyer (unit)

length of the lead time for the buyer (time unit)

an integer number of lots delivered from vendor /supplier to buyer/retailer in one produc-

tion cycle (unit)

production rate per unit item (unit) (for Chapter 8 and 9)
variable cost per unit for order handling and receiving ($/unit)
duration of inventory cycle (time unit)

production time duration for the supplier (time unit)

the duration of non-production time for supplier (time unit)
duration between two successive deliveries (time unit)

price dependent demand of retailer (unit)

safety factor

reorder point of retailer (unit)

commission for each item sold ($/unit)



Yik
Yjkp

t
Yijkp

fixed cost given by the manufacturer to the buyer ($)

order quantity delivered by the vendor to buyer ¢ in a single lot (unit)
reorder point for buyer ¢ (unit)

safety stock for buyer ¢ (unit)

safety factor for buyer i

length of lead time for buyer i (time unit)

unit variable production cost ($)

number of defective goods in a production cycle (unit)

actual production run time (time unit)

elapsed time that the process goes out-of-control (time unit) (exponential random vari-

able)

normally distributed lead time demand for buyer ¢ with mean d;L; and standard deviation

o/ L; (unit)
fraction (with respect to D;) of product delivered to retailer i from warehouse j
fraction (with respect to D;,) of product p delivered to retailer ¢ from warehouse j

fraction (with respect to D;,) of product p delivered to retailer ¢ from warehouse j via

transportation mode ¢
fraction (with respect to WC}) of the product delivered to warehouse j from plant k
fraction (with respect to WC;) of product p delivered to warehouse j from plant k

fraction (with respect to W) of product p delivered to warehouse j from plant k via

transportation mode ¢



s; fraction (with respect to D;) of the product delivered to retailer i from an outside supplier
sip  fraction (with respect to D;,) of product p delivered to retailer i from an outside supplier
sfp fraction (with respect to D;,) of product p delivered to retailer ¢ from an outside supplier

via transportation mode ¢

I; inventory holding of a product at warehouse j (unit)

I;, inventory holding of product p at warehouse j (unit)

Jyi inventory holding of a product at plant &k (unit)

Jyp  inventory holding of product p at plant & (unit)
Parameters

D average demand per unit time of the buyer (unit)

A ordering cost of the buyer per order ($/order)

P production rate per unit time (unit)

So  initial setup cost of the vendor per setup ($/setup)

C, production cost per unit paid by vendor ($/unit)

C, purchase cost per unit paid by buyer, C, > C, (money unit)

r, fractional holding cost of the vendor per unit item per unit time

r,  fractional holding cost of the buyer per unit item per unit time
H, non-fractional holding cost for the supplier per unit time per unit item ($/unit/unit time)
H, non-fractional holding cost for the buyer per unit time per unit item ($/unit/unit time)

10



TS
hr

CcP
hr

CcP
hm

Sy

W,

PCy

non-fractional holding cost for vendor per unit item per unit time ($/unit/unit time)
unit backlogging cost for the buyer ($/unit)

probability that the production process may go ‘out-of-control’

replacement cost per unit defective item ($/unit)

standard deviation of demand per unit time (unit)

area under the buyer’s inventory

area under the supplier’s inventory

transportation cost per delivery ($/delivery)

deterioration rate

deterioration cost per unit ($/unit)

unit selling price of retailer /retail price ($/unit)

unit wholesale price ($/unit)

holding cost of the retailer under the traditional system ($/unit/unit time)
holding cost of the retailer under the consignment policy ($/unit/unit time)
holding cost of the manufacturer under the consignment policy ($/unit/unit time)
goodwill loss per unit item for the retailer ($/unit)

goodwill loss per unit item for the manufacturer ($/unit)

manufacturing cost for unit item ($/unit)

capacity of warehouse j (unit)

capacity of plant & (unit)
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PTCji,

PTCY,

TC’ij
TCijp

TC!

ijp

Ic,
1Cjp
JCy,
JC,
0SC;

0SC;,

demand of retailer ¢ (unit)

demand of product p of retailer i (unit)
total cost of warehouse j open ($)
total cost of plant k open ($)

production and transportation cost per unit of product from plant £ to warehouse j

($/unit)

production and transportation cost per unit of product p from plant k to warehouse j

($/unit)

production and transportation cost per unit of product p from plant £ to warehouse j via

transportation mode ¢ ($/unit)
transportation cost per unit of product from warehouse j to retailer ¢ ($/unit)
transportation cost per unit of product p from warehouse j to retailer i ($/unit)

transportation cost per unit of product p from warehouse j to retailer ¢ via transportation

mode ¢ ($/unit)

unit inventory holding cost of a product at warehouse j ($/unit)

unit inventory holding cost of product p at warehouse j ($/unit)

unit inventory holding cost of a product at plant & ($/unit)

unit inventory holding cost of product p at plant & ($/unit)

transportation cost per unit of product to retailer ¢ from an outside supplier ($/unit)

transportation cost per unit of product p to retailer ¢ from an outside supplier ($/unit)
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0SCt

TWR;,;
TW Ry,

TW R}

ijp

TPRy,
TPRj,

TPR!,,

transportation cost per unit of product p to retailer 7 from an outside supplier via trans-

portation mode ¢ ($/unit)

monetary value per unit of lead time ($/unit)

monetary value per unit of lead time for product p ($/unit)

delivery lead time per unit of product from warehouse j to retailer ¢ (time unit)
delivery lead time per unit of product p from warehouse j to retailer i (time unit)

delivery lead time per unit of product p from warehouse j to retailer ¢ via transportation

mode ¢ (time unit)
delivery lead time per unit of product from plant k to warehouse j (time unit)
delivery lead time per unit of product p from plant & to warehouse j (time unit)

delivery lead time per unit of product p from plant k to warehouse j via transportation

mode ¢ (time unit)

number of buyers (unit)

average demand/unit time for buyer ¢ (unit)

ordering cost of i buyer per order ($/order)

non-fractional holding cost of i'® buyer per unit item per unit time ($/unit/unit time)
standard deviation of the demand/unit time (unit)

unit backorder cost for buyer i ($/unit)

mathematical expectation

maximum value of z and 0
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lead time demand having a cumulative distribution function (c.d.f) with a finite mean

and standard deviation (unit)

retailer’s profit for the traditional policy (%)
manufacturer’s profit for the traditional policy (%)
retailer’s profit for the consignment policy ($)
manufacturer’s profit for the consignment policy (%)
joint profit for the consignment policy (§)

set of retailer ¢ € 1

set of potential warehouse sites j € J

set of plant sites k € K

set of different product types p € P

set of available transportation modes t € T’
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1 Abstract

The research study consists of recent development on supply chain model which is entitled as
‘Some problems on supply chain management’. A supply chain is generally formed with
various stages, most commonly named as players or parties. Players of the supply chain always
maintain some rules or policies (cooperative or non-cooperative) to gain more for any purpose
as cost, benefits, and others. The supply chain is a flow of goods, information, and funds among
its different stages. This research successfully resolves a number of critical problems which are
hurdles to form a successful supply chain. This dissertation consists of nine (excluding Chapter
1) chapters. Every chapter, except the introductory part, contains a descriptive mathematical
model related to supply chain management under various realistic circumstances. The topic of
each chapter is stated below.

Chapter 2 contains the introduction of the dissertation. This part includes overview and
mathematical background of supply chain management, definitions, brief description of various
supply chain models and their industrial benefits. Chapter 3 deals with a single-vendor
single-buyer supply chain model with single-setup multi-delivery (SSMD) policy. An effort for
vendor’s setup cost reduction is considered to gain more at the optimum level. Chapter 4 is
an extended version of the first one with imperfect quality of products. Chapter 5 extends all
previous models with setup cost reduction, quality improvement, and deterioration of products
under just-in-time manufacturing system. Chapter 6 considers the price dependent variable
demand, which is a decreasing function of selling-price. The model is developed under both
fixed and variable purchasing cost. Chapter 7 consists of a different delivery policy named as
consignment policy. The model is solved using a distribution free approach with known mean
and standard deviation. An effective approach is also proposed to enhance the agreement
policy of consignment contract. Chapter 8 is constructed with a single-vendor multi-buyer
supply chain model under variable production cost, which is dependent on the production
rate. Chapter 9 extends the previous model with the reliability of the production process.
Chapter 10 consists of a three-echelon facility location model. This research emphasizes on a

comparative study among three different dimensional facility location problems.
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Introduction
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2 Introduction

Now a days, in almost every social and business sectors supply chain management plays an
important role. A proper development of supply chain leads to a revolution of world economy
which results the prosperity of the social-economic background of the world. In this section, the

definition, examples, and various types of supply chain management problems are described.

2.1 Overview and definition of supply chain management

A supply chain is composed of all contributors involved in the production of goods from raw
materials to finished goods. It includes manufacturing, framing, packaging, design, transporta-
tion. Retailers manage supply chain to control the inventory level, timing, product quality,
and costs. Thus, an uninterrupted flow of materials, information, and fund is one of the most

important attributes to achieve a successful supply chain.

Definition

Supply chain management (SCM) is handling of the flow of goods, data, and information
among the multiple nodes of an extended industry sector. These nodes include manufacturers,
vendors, retailers, customers or other players with several facilities. The ultimate goal of the
supply chain management is to satisfy the customer’s demand. Whatever uncertainties are, the
demand has to be met at the exact location, with exact amount, and with insignificant delay
in time.

All facilities include every function of receiving and satisfying the demand of any other
facility or organization. Functions performed to satisfy the demand are marketing, operations,
distribution, development of product, finance, and customer service.

An example of a Wall-Mart store is considered. A customer enters a store to purchase
a product. The supply chain begins with the demand of the customer. The next step is the

Wall-Mart retailer store, where the customer goes to purchase product. The inventory of the

18
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Supplier Manufacturer Distributer Retailer Customer

Supplier Manufacturer Distributer Retailer Customer

+ ' T

Figure 1 Coordination in various supply chain stages

retailer store comes from a warehouse or distributor through any transportation mode and the
stock of goods is maintained by the manufacturing plant. The manufacturing plant receives

raw materials from various suppliers.

2.2 Stages of a supply chain

The primary aim of a supply chain is to satisfy the customer’s need and at the same time make
a profit for itself. The term supply chain indicates that it is a flow of information, products or
materials among suppliers, manufacturers or distributors, retailers, and customers. Therefore,

stages of supply chain are categorized as follows:
1. Customers
2. Retailers
3. Warehouses/distributers
4. Manufactures

5. Raw material suppliers

19



2.3 Objective of a supply chain

The objective of every supply chain is to optimize i.e. to maximize or to minimize the total
profit or cost of the chain, respectively. The aim of a supply chain is to maximize of the overall
profit generated by every stage of the chain. The profit of the supply chain is the difference
between the revenue earned from the customer and total costs of all stages of the chain to
satisfy the customer’s demand.

e Supply chain profitability

The supply chain profitability or surplus refers to the difference between the revenue gen-
erated from customers and total cost throughout the supply chain. The cost of each stage is
highly correlated with the supply chain profitability in most of the commercial environment.

If a customer purchases a product for $100, the revenue of the supply chain is $100. Costs
incurred by the chain are for production, transportation, conveying information. The difference
between the price paid by the customer i.e. $100 and the total cost of the overall supply chain
to meet the customer’s demand of that particular product represents is supposed $80, then the
supply chain profitability is $20 for a particular product.
e Source of revenue and cost

The customer is generally the one and only one source of revenue in a supply chain. When-
ever a customer pays an amount, provides positive cash flow in a supply chain, all the other
cash flows are the exchange of fund, provided by customers, between stages of the supply chain,
retailers take a part of the fund given by customers and pass the rest to their suppliers. The

same procedure happens for suppliers and distributors.

2.4 Decisions in a supply chain

Decision phases in a supply chain to convey information, flow of products and raw materials

for high supply chain profitability are as follows:

1. Supply chain design or strategy
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2. Supply chain planning
3. Supply chain operation

Above three decisions plays a vital role for a successful supply chain. Each decision is to be

made to increase the supply chain profitability.
e Supply chain design

All strategic decisions to construct the supply chain over next several time periods are
made during this phase. This decision phase includes the configuration of the overall chain,
processes that each stage of the chain will perform and allocate several of resources. Locations
of facilities (manufacturing plants, warehouses, retailers), capacities of plants and warehouses,
type of product to be manufactured, type of transportation mode and the information system
to be utilized are decided in this phase to maintain fruitful supply chain profitability.
e Supply chain planning

This phase of supply chain includes making the decision of what inventory policy is to be
followed, the subcontracting of manufacturing, locating the market sites where products will
be supplied from which locations, timing and size of marketing and price promotions. Uncer-
tainties in demand, exchange rates are also regarded in this phase. The frame of time horizon
is assumed as quarter of a year.
e Supply chain operation

In this phase, satisfying the customer’s order is to be performed. For each individual order,
the allocation of inventory and production are carried out. Firms assign an order to particular
transportation mode, generate pick lists at some warehouses and place replenishment orders.
The aim of this supply chain decision phase is to reduce the uncertainty and optimize perfor-

mance. The time horizon considered is daily or weekly or sometime monthly.
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2.5 Supply chain process views

A supply chain consists of many processes and flows. These processes take place between
various stages of the supply chain to satisfy customers demand. The supply chain processes

can be viewed by two ways.

1. Cycle view

2. Push-pull view

Processes in a supply chain can be divided into cycles such that each cycle can be defined in
between any two stages of the chain. If the supply chain has five stages, then there are four
cycles. They are generally customer order cycle, replenishment cycle, manufacturing cycle,
procurement cycle.

The execution of push and pull processes depend on awareness of the demand of the cus-
tomer. The execution of push process is initiated in anticipation of the customer’s demand i.e.
when the actual demand is not known or forecasted. When the customer’s demand is known,
the pull process execution is initiated. Thus, the pull process takes place in response to the

customer’s demand.
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2.6 Introduction of modelling within supply chain

There are many different models in the existing literature, which describe the decision making
in a supply chain under different circumstances. Various situations include demand uncer-
tainty, imperfect production, product deterioration, variable production rate, and variability of
demand. Supply chain models under foretold situations are studied in next consecutive chap-
ters. This section gives a thorough idea about some of the most widely used models in the

modern marketing environment.

2.6.1 Inventory and integrated inventory models

Inventory is defined as the stock of items such as goods in warehouses or retailer shops. The
inventory is accumulated by production lot from the manufacturing plants. This inventory can
be used to satisfy customer’s demand through supply chain.

As an example, in a retailer store, an average of 5 items of a product is purchased by
customers per day. The storekeeper orders 150 items to the manufacturer each time of placing
an order. Thus, 150 is the lot or batch size in this case. Now, according to the daily sale of
the retailer’s store, it takes an average of 30 days to sell all items and a new lot of 150 items

to be purchased from the manufacturer. There is a time horizon during which the level of
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inventory rises up and reaches down to zero and again the lot size comes and goes and so on.
Without shortages, each time period, in which the lot reaches at maximum inventory level just
after receiving shipment and gradually decreasing and finally reaches to zero, is called the cycle
period. Besides this costs incurred by the retailer are ordering cost, inventory holding cost,
lead time cost, shortage cost, deterioration cost etc. The mathematical model for an inventory
management is to obtain the optimal inventory level such that the total cost incurred during a
cycle period is minimized. There are generally two types of inventory model. They are given

by
1. Economic order quantity model
2. Economic manufacturing quantity model

An EOQ (Economic order quantity) model is developed to optimize the level of inventory
such that the total inventory cost in a cycle period is minimized. In this model, whenever the
inventory level comes to zero, each new order is delivered and the replenishment rate is infinite.

The EMQ (Economic manufacturing quantity) has the same objective. But unlike EOQ
model, each order is produced and the replenishment rate is finite.
Safety inventory

In modern global economic environment, the demand of the customer is not always fixed.
Every company manages their level of inventories by means of forecasting of demand. Due to
the uncertainty of demand, the actual demand of the customer does not match to the forecast-
ing demand. Here is the necessity of safety stock. Safety stock is the additional stock after
the nullifying of actual inventory level. It satisfies the customer’s demand if the inventory level
reaches to zero during delivery lead time.

The integrated vendor buyer model is the combined model of vendors and buyers where the
objective is to optimize the inventory level and safety stock (if considered) in order to minimize

the expected joint total cost of buyer and vendor.
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Several inventory costs

e Ordering cost

The ordering cost is incurred every time the order is placed. In the other word this cost is
needed for the replenishment of the inventory. The ordering cost can be divided into two parts.
Fized cost for ordering

This is a fixed cost incurred when the order is placed and independent of the amount of
product delivered. This cost consists of the cost of accounting, communication or the delivery
cost when the order is placed.
Logistics cost

This cost refers to the variable cost for transportation while delivering items from one party
to another.
e Holding cost/carrying cost

This cost is incurred for holding or maintaining the inventory in one’s shelter. As the
inventory level is being changed by time, this cost depends on the average inventory level. This
includes financing or capital cost which includes every kind of cost related to the investment,
cost for storage spaces i.e., the cost incurred for maintaining goods (air conditioning, heating
etc.) and lease or property taxes, different service costs which include insurance, costs for IT
services or hardware and application etc., deterioration or inventory risk cost.
e Shortage cost

Shortages occur when the supply of product is less than the customer’s demand. Shortages
can be explained by two ways one is fully backordered and another one is partial backordered.
Fully backordering

In this case customers wait until the delivery of the item. Therefore, there is no chance of
occurrence of any lost sale. The exact magnitude of backorder cost is unknown, generally it is
incurred by the extra paper or managerial cost in processing the order.

Partial backordering

In this condition, the customer does not wait for the delivery of the item which leads to lost
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sales in other words the retailer faces goodwill loss. This goodwill loss is expected to increase

proportional to the time of delay.

Newsvendor problem

The newsvendor model is widely used in inventory and supply chain management. The
intension of this model is to decide the order quantity under the a single purchasing opportunity
before the selling period starts and the demand of the customer is random (Gallego and Moon,
1993). The newsvendor may face the overage or underage costs if the order is very high or very
low, respectively compared to the customer demand (Gallego, 1995). A classical newsvendor
problem with perishable item has become an interesting topic among researchers worldwide as
a high managerial importance lies underneath the overstocking problem in case of product of
short lifetime. The perishable product may damage if any extra items are left in stock after
satisfying the customer demand. This model is useful for the industry related to any perishable
agricultural product, baked or dairy food (Pal et al., 2013). This model is also often used in

order to make decisions in fashion and sports goods industries (Gallego and Moon, 1993).

Integrated vendor-buyer problem

A single buyer or single vendor problem consists of only single inventory model of either
vendor or buyer. But, in modern global markets, every industry has to choose new technologies
and strategies to survive. Integrated vendor-buyer model is the combined optimization of
vendor’s and buyer’s inventory decisions together. Its main objective is to optimize the expected
joint total cost/profit of both vendor and buyer. Thus, managing manufacturing, inventory and
as well as supply chain are matters of concern too.

JIT (Just in time) production has the capability to strengthen the competiveness of the firm
by reducing the waste, improving product quality and efficiency of production. It was Japanese

manufacturing technique and adopted by various Japanese manufacturing organizations since
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1970. Benefits of achieving JIT are,

—_

. Reduction of the level of inventory, purchased goods and finished goods

[\

. Reduction of the requirement of space

3. Reduction of manufacturing lead time

4. Increase of product quality

5. Increase of productivity level and machine utilization

JIT has an important role in integrated inventory systems. It reduces the manufacturing time
and delivery lead time between different stages in supply chain. Fig 4 represents an integrated
supply chain system with single-vendor and single-buyer. The notation P, @}, D, and S in-
dicates production rate of the vendor, order quantity of the buyer, demand of the buyer, and

safety stock, respectively.

2.6.2 Facility location problem

Facility location problem is one of the most important parts in SCM. Supply chain stages like
supplier, manufacturer, warehouse, retailer etc are denoted by facilities. The objective of FLP
(Facility location problem) is to locate facilities in different locations in such a way that the
total network cost of the supply chain is to be minimized. To satisfy the customer’s demand

each and every facility must communicates with each other.

The echelon of a FLP is referred to the steps. As an example, if the supply chain consists
of any two of the facilities such as supplier to manufacturer or warehouses to retailers then the
FLP is said to be one echelon FLP and if it has three facilities, then is called two echelon FLP
and so on. Any FLP containing more than two facilities is said to be multi-echelon FLP.

Location problems generally are of two types such as,
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1. Unapacitated facility location problem
2. Capacitated facility location problem

Uncapacitated FLP is that type of location problem where the capacity of facilities is not
taken under consideration. In this type of problem, limitations of production of the plant or the
inventory holding capacity of warehouse or retailer are negligible. But in case of capacitated
FLP all the above capacities for facilities are assumed.

When a FLP model is developed, is transformed into a MILP (mixed integer linear pro-
gramming problem). The objective of MILP is to optimize a linear objective function with

respect to some linear constraint and some of the variables are treated as integers.

2.7 Delivery policies among parties in a supply chain

To achieve a successful supply chain, a suitable delivery policy must be selected by parties
such that lead time as well as the cost is minimized. There are several policies to deliver prod-
ucts between parties. Every policy has its own importance depending on different marketing

environment. A brief discussion on some of these policies is stated below.

2.7.1 Single-setup single-delivery (SSSD) policy

This policy is also known as ‘lot-for-lot’ policy or single time delivery policy and was pro-
posed by Banerjee (1986). The manufacturer produces a lot whenever an order comes from the
retailer. In this case, the manufacturer makes just one lot in one setup, which is demanded by
the retailer and no extra item is produced. The final product or lot is delivered to the retailer.

Costs incurred by both the parties are

Manufacturer Retailer

1. Setup cost 1. Ordering cost

2. Holding cost | 2. Holding cost
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2.7.2 Single-setup multi-delivery (SSMD) policy

This delivery policy was introduced by Goyel (1986). Other than SSSD, this policy supports
delivery over multiple times. When the retailer’s order comes, the manufacturer produces an
integer multiple of the retailer’s order quantity and delivers over multiple segment of times
(Ouyang et al., 2004). In ‘lot-splitting’ case, the manufacturer splits the order quantity of the
retailer and delivers over multiple times. In this case, the manufacturer makes the same amount
as ordered by the buyer, but divides it into an equal parts. The cost components are same as

SSSD policy for both parties.

2.7.3 Consignment policy

Consignment policy (CP) is a new approach in supply chain management which became popu-
lar especially in heath care field. Many departmental stores and online shopping industries such
as Wall-Mart, amazon.com etc., have been adopting this policy. The major advantage of CP
is to reduce the vendor’s/supplier’s inventory level as vendor uses buyer’s/retailer’s warehouse

to stock items.

CP is is formed by an agreement of two parties namely the ‘consignor’ and the ‘consignee’.
The ‘consignor’ is mainly the owner of goods (manufacturer) who delivers products to the other

party ‘consignee’ (retailer). The following assumptions are considered to develop a successful

CP.

1. Manufacturer uses retailer’s inventory to stock its produced items but retains the owner-

ship of goods.

2. The inventory holding cost is shared between two parties. The operational part of the

holding cost is incurred by the retailer and manufacturer bears the financial part.
3. No fund transfer is occurred until a product is sold.

4. Retailer gets a per unit commission from manufacturer for each sold item sold.
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As there is a matter of gaining per unit commission for the sell of each item, retailer accepts

the contract only if the consignment agreement favours the ‘consignee’ party.

2.8 Supply chain model under uncertain and variable demand

Demand is the most vital factor for any industrial model not only for supply chain. No busi-
ness would ever exist if there is no demand. Thus, understanding the nature of demand is one
of the key factors to achieve a successful supply chain. Even, the profit or loss of an industry
directly depends on this factor.

Initially, some models considered the annual demand as a fixed quantity. But, in reality,
it is quite impossible to predict the exact figure. In most of the cases, demand is uncertain
and can be predicted under some probability distribution, sometimes demand is variable and
varies over some factors like stock, selling-price etc. Even, both uncertainty and variability
may occurs simultaneously. Remembering the above points this section describes some realistic

nature of demand.



2.8.1 Uncertain demand

A vary common phenomenon is that the customer demand per unit time (year, week, day
etc.,) is not fixed. To manage the supply chain and to maximize the supply chain profitability
the manager of every industry must estimate the customer demand. An useful methodology
to estimate demand is to consider it as a random variable. Analyzing the previous demand
data a suitable probability distribution of demand can be formed. By the help of that specific

distribution a mathematical model can be formed and managerial decisions can be made easily.

2.8.2 Variable demand

There is a difference between randomness and variability. An uncertain random demand can

vary over many factors. Some examples should be given in this context.
1. Customer demand may increase over increasing stock.
2. Demand may decrease over increasing selling-price.

In the first example, demand is an increasing function of stock i.e., if the retail outlet/shop
has a significant number of product in its stock, customer demand may increase. On the other
hand, demand may decrease with increasing selling-price which implies it is a decreasing func-
tion of price. Both examples show the customer demand as a continuous dependent variable in

stock and selling-price, respectively.

2.8.3 Distribution free approach

This is a very efficient procedure to make decisions under uncertainty. This method is appli-
cable when the information about the random variable is insufficient and difficulty occurs in

order to obtain the actual probability distribution of the random variable. As an example, in
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a classical continuous or periodic review inventory model, an uncertain the lead time demand
is treated to be an uncertain entity which leads to the requirement of demand information.
However, the exact probability distribution of the lead time is often difficult to obtain. Some-
times the only information available are just a conjectured mean and variance. In this case the
tendency of considering a normal distribution is quite habituated which does not provide the
best fit against the occurrence of other distribution. Therefore, only two ways are left to solve

this problem.

1. Obtaining the proper information about lead time demand in order to get knowledged
about exact probability distribution. This process requires a lot of fund to gather the

lead time demand data.

2. Discovering a procedure to obtain managerial decisions without having the appropriate
demand distribution such that one can solve the model with just on hand mean and

variance of lead time demand.

Distribution free approach gives us the opportunity to solve the model even if no proper
information about lead time demand distribution is available. Thus, the manager can make

decisions with just an educated guess of mean and variance of lead time demand.
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Chapter 3
Integrated vendor-buyer supply chain model
with vendor’s setup cost reduction
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3 Integrated vendor-buyer supply chain model with ven-
dor’s setup cost reduction

This chapter deals with an integrated vendor-buyer supply chain model. Two models are
constructed based on the probability distribution of the lead time demand. The lead time
demand is stochastic following a normal distribution in the first model and in the second
model, the lead time demand is considered as random, but without any specific probability
distribution except for educated mean and standard deviation. The aim of this research is to

reduce the total system cost by considering the setup cost reduction of the vendor.

3.1 Literature review

The supply chain model is used to minimize the cost or to maximize the profit throughout
the network under the condition that demands of each facilities have to be met. Thus, the
integrated inventory control policy is a matter of concern (for instances Villa (2001), Yang and
Wee (2001), Viswanathan (1998), and Bylka (2003)). Goyal (1976) developed the first research
work on the integrated vendor-buyer problem. Banerjee (1986) extended Goyal’s (1976) model
with lot-for-lot (LFL) policy. Goyal (1988) extended Banerjee’s (1986) model by assuming
the manufacturing quantity of the vendor is an integer multiple of the order quantity of the
buyer as single-setup-multiple-delivery (SSMD) policy. Huang (2002) developed an integrated
vendor-buyer model in an imperfect production process. Cdrdenas-Barrén et al. (2011) used
the arithmetic-geometric inequality to solve a vendor-buyer integrated inventory model with a
closed—form solution. Teng et al. (2011) considered a vendor-buyer inventory model with a
closed-form optimal solution.

Controlling the lead time plays an important role for any inventory model. Tersine (1994)

introduced the lead time as a partition of five components as the supplier’s lead time, order

B. Sarkar, A. Majumder, Integrated vendor-buyer supply chain model with vendor’s setup
cost reduction, Applied Mathematics and Computation. 2013, 224, 362-371.
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preparation, order transit, delivery time, and the setup time. Liao and Shyu (1991) considered
the lead time as a unique decision variable in their inventory model. Ben-Daya and Raouf
(1994) explained both the ordering quantity and the lead time as decision variables without
shortages. Ouyang et al. (1996) modified Ben-Daya and Raouf’s (1994) model in view of
shortages but they made a mistake which is corrected by Moon and Choi (1998). Hariga and
Ben-Daya (1999) developed some stochastic inventory models with variable lead time. Pan and
Yang (2002) considered the lead time as a controllable factor to obtain the expected joint total
cost.

Scarf (1958) first established the min-max distribution free approach for the newsvendor
problem without any information about the distribution of the lead time demand except mean
and standard deviation. Gallego and Moon (1993) made Scarf’s (1958) ordering rule very easy.
After Gallego and Moon’s (1993) proof, the distribution free approach becomes a very famous
approach for solving inventory models without any specific distribution of the lead time demand
except mean and standard deviation.

Moon and Gallego (1994) found out some valuable applications of the distribution free
approach for different types of inventory models. After this model, the distribution free ap-
proach has been applied by many researchers from the different sectors. Moon and Yun (1997)
considered the distribution free job control problem. Moon and Choi (1997) explained the
distribution free procedure for make-to-order (MTO), make-in-order (MIA), and composite
policies. Ouyang et al. (2002) developed an inventory model with the product’s quality im-
provement and the vendor’s setup cost reduction. Ouyang et al. (2004) explained an integrated
production inventory model with the controllable lead time and shortages including a long-term
strategic supply chain between the buyer and the vendor. They simultaneously optimized the
lead time, reorder point, number of lots delivered, and the ordering quantity. The setup cost
for the vendor was treated to be fixed in that model.

Lin (2011) proposed a min-max distribution free approach for the integrated inventory
model with the defective goods and the probabilistic lead time demand. Using min-max distri-

bution free approach Liao et al. (2011) discussed a newsvendor model with lost sales penalty
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and the balking policy. Lee et al. (2006) developed an inventory model with the negative expo-
nential backorder cost and the mixture of distribution for the lead time demand. Hsu and Lee
(2009) investigated a single-manufacturer multiple-retailer supply chain model with the distri-
bution free approach. Jha and Shankar (2009) considered a single-vendor single-buyer supply
chain model with a service level constraint. Annadurai and Uthayakumar (2010) developed a
(T,R,L) inventory model with the controllable lead time and lost sales reduction. Lin et al.
(2012) developed an integrated supplier-retailer inventory model with defective items and trade

credit policy.

3.2 Model formulation

This section contains assumptions to formulate a mathematical model, entire model descrip-
tion, propositions, and solution algorithms.
3.2.1 Assumptions

Following assumptions are considered to develop the model

1. An integrated vendor-buyer model is considered.

2. When the buyer orders a lot size (), the vendor manufactures the lot m@) with finite

production rate P(P > D) at one setup but delivers the quantity @) over m times.
3. The buyer places an order when the level of inventory reaches to the reorder point R.

4. The reorder point is R = DL+ ko+/L, where DL = the expected demand during the lead
time, kov/L = safety stock, and k = safety factor.

5. Shortages are allowed and fully backordered.

6. The lead time L consists of n mutually independent components. For the ith component,
a; = minimum duration, b; = normal duration, and ¢; = crashing cost per unit time. For

the sake of convenience, we assume ¢; < ¢y < ... < ¢,.
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7. We assume Lo = Z;‘:l b; and L; be the lead time length having components 1,2, ...,¢
crashed to their minimum duration, then, L; = Ly — Z;‘:l(bj —a;),1=1,2,..n. The lead

time crashing cost/cycle C(L) is expressed as C(L) = ¢;(L;—1 — L) + Z;;ll ci(bj — aj).

8. The transportation cost per unit time from the vendor to the buyer is constant and
independent of the quantity ordered. Thus, the total transportation cost per unit time is

neglected.

We consider the single-setup-multiple-delivery (SSMD) policy in an integrated vendor-buyer
model i.e., if the buyer orders quantity @, then the vendor produces the quantity m() where
m is any positive integer, and the quantity () is delivered to the buyer over m times. The
vendor produces the quantity m() in one production cycle. Thus, the expected cycle length for
the vendor and the buyer are mTfQ and %, respectively. The ordering cost per unit time is %j.
When the inventory level reaches to the reorder point R, an order of quantity () is placed by
the buyer. The expected inventory level before receipt an order is R — DL and the expected
inventory level immediately after the delivery of quantity @ is Q + (R — DL). Hence, the
average inventory over a cycle can be written as % + R — DL which implies that the buyer’s
expected holding cost per unit time becomes 7,C3[(2) + R — DL].

X is normally distributed with finite mean DL and standard deviation ov/L. We assume
that X has a cumulative distribution function F and the reorder point R = DL + kov/'L.
If X > R, then shortage occurs. Hence, the expected shortage at cycle end is F(X — R)T =

[ (x—R)dF(x). The expected shortage cost per unit time is w

cost per unit time is %(L).

. The lead time crashing

Therefore, the total expected cost per unit time to the buyer is

ATCy(Q, R, L) = ordering cost + holding cost + shortage cost + lead time crashing cost

_AD Q 7D DC(L)
—U+Tbob<§+R—DL)+6E<X—R)++ Q

(1)
The total expected cost/unit time for vendor is
ATC, = setup cost + holding cost.
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The expected cost for the vendor/unit time is i—g

From figure 7 the average inventory of the vendor is

- Hm@ (%+(m—1)%) - "Z?Q} - {%2(1+2+...+(m—1))” n%

D 2D
_ % [m (1 — F) — 1+ ?] See Appendix A

Hence, the expected holding cost per unit time for the vendor is

= TUC'U% [m(l—%)—l—i—%]
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Therefore, the total expected cost per unit time for the vendor is

ATC,(Q,m) = :;—g + T‘UCU% [m (1 — %) — 1+ %] (2)

Investment in setup cost reduction

We now investigate the effect of an investment on the vendor’s setup cost reduction. In
relation (2), the equation represents the vendor’s total expected cost per unit time with fixed
setup cost. But for more realistic issues, this cost can be considered as variable. We consider
a capital investment for vendor’s setup cost reduction.

If Is is an investment for the setup cost reduction, then it can be expressed as

Is = Bln(s>

= B(lnSy—1InS) for 0 <5 <5y

where S is the original setup cost, B = %, and 0 = a decrease of percentage in S/dollar increase
in I S-.

The total expected cost for the vendor per unit time is

SD D 2D
ATCU:OéBODSo—lIlS)—i‘m—Q—f—TUCU% |:m <1—F) —1+?:| (3)
where « is the annual fractional cost of the capital investment.
The resulting total expected cost per unit time for the buyer is
AD D D
ATCb:?—FTbOb (%‘FR—DL) +%E(X—R)++§C(L) (4)

The expected shortage at the cycle end is

E(X -R)t = /Oo(x—R)dF(x)

= oVLi(k)

where (k) = ¢(k) — k[1 — ®(k)], ¢ = standard normal probability density function, and ® =

cumulative distribution function of the normal distribution. The safety factor k is assumed as
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a decision variable.

The expected joint total cost/unit time for the vendor and buyer can be expressed as

JATC(Q,k,S,L,m) = ATCy(Q,k,L)+ ATC,(Q, S, m)
= aB(InSy—InS) + g {A + % + oV Lp(k) + C(L)}

+ % {rbe +7,C, {m (1 — %) -1+ %H + 1,Opka V'L (5)

The problem can be written as

Min JATC(Q,k,S,L,m) = aB(lnSy;—InS)+ g {A + % + 1oV Ly (k) + C(L)]

+ %H(m) + r,CykoVL
subject to 0<S <8 (6)
D 2D
where H(m) = nr,Cy+ 1,0, {m (1 — F) -1+ ?]

It is a non-linear program and in order to solve it we just relax the constraint 0 < S < 5.
For a fixed positive integer m, we take the partial derivatives of JATC(Q,k, S, L,m) with

respect to @), k, .S, and L to obtain the optimal solution.

DJATC(Q. k. S, L, D s |

(862 m) = o [A +o+ roV L (k) + C(L)} + §H(m) (7)
0J ATC(%’;’L’ Sm) _ gmf\/Z[@(k) 1] 4 1CoovE (8)
QJATC(Q.k,S,Lm) _ aB D

a3 - TS TG (9)
QJATC(Q.k,S,Lym) D DAC(L) | nCiko

5L = 2@\/570'77/}(/{3)—1-@ 3L + T

D [rmoy(k) ryCrko

A AR R (10)

For fixed @, k, S, and m, the function JATC(Q, k, L, S, m) is concave in L as

2
TILERILN) P rouB)L Y — {nCukoL ¥ <.

Hence, for fixed @, k, S, and m, the minimum value of JATC(Q, k, L, S, m) is attained at

the end of the interval [L;, L;_1]. Now for fixed positive integer m, values of @), ®(k), and S
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are obtained by equating equations (7), (8), and (9) to zero as

2D |A+ 2 + oV Ly(k) + C(L)

Q = Him) (11)

o(k) = 1—7"1’5;@ (12)
aBQm

S = — (13)

3.2.2 Proposition 1

If we denote Q*, k*, and S* as optimal values of @, k, and S, then for fixed m and L € [L;, L; 1],
the expected joint total cost function JATC(Q, k, S, L, m) has a global minimum at (Q*, k*, S*)
obtained from equations (11)-(13) if the constraint 0 < .S < Sy is relaxed.

Proof See Appendix B.

The optimal value of m can be obtained when
JATC(m* — 1) > JATC(m*) < JATC(m™ + 1)

where m* is the optimal value of m.

Now we consider the constraint 0 < S < Sp. S* is already assumed as the optimal value
of S. From equation (13) it is clear that S* is positive as values of a, B, @, m, and D are all
positive. If S* > Sy, then no investment should be made for the reduction of the setup cost
and we set S = 5y. An algorithm is developed to obtain the optimal values for @, k, L, S, and

m. The optimal reorder point can be found using the optimal value of k.

3.2.3 Solution algorithm 1

Step 1 Set m = 1.
Step 2 For each L;,7 = 1,2,...n; perform Step 2a—2f.
Step 2a Set S;; =0, k;; = 0 (implies (ki) = 0.39894).
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Step 2b Substitute ¢ (k;;) into equation (11) and evaluate Q.

Step 2c Utilize ;1 to determine the value of ®(k;2) from equation (12).

Step 2d For the value of ®(k;s), find ki from the normal table and hence evaluate 1(k;s).
Step 2e Utilize Q;; and find S;, from equation (13).

Step 2f Repeat 2b to 2e until no changes occur in the values of @Q);, k;, and S; as well as denote

these values by (Qf, k', SF).

79 Vg Mg

Step 3 If Sf < Sp, then go to Step 4. Else set S = S and utilize (11) and (12) to determine
new optimal values of (Q, k) denoted by (Q*, k;*) by substituting S by Sy and using the

same procedure stated as Step 2. Then go to Step 4.

Step 4 Find JATC(Q}, k}, S;, Li,m) and Min;_y o, JATC(Q}, k}, S}

1y Mo yoen 19y Mg

Li,m).

Step 4a If JATC(Q:, ki, S!, Li,m) = Ming_y 5, JATC(Q}, k?,

then JATC(Q?, kF, S}

1 Vg Mo

S;7Li7m>7

L;,m) is the optimal solution for fixed m.

Step 5 Set m =m + 1.
If JATC(Qr,, K, Sk, Lin,m) < JATC(Q%, 1, kk, 1,5k 1, Lim—1,m — 1), repeat Step 2,

m—17 Ym—1»~m—1>

Step 3, and Step 4. Otherwise go to Step 6.

Step 6 Set JATC(Q:,, k¥, Sk, Lin,m) = JATC(Q?, _y, k1, Sk 1y Lin—1,m — 1).

Then (Q*, k*, L*, S*,m*) is the optimal solution. The optimal reorder point can be ob-
tained from R* = DL* + k*ov/ L*, where R* denotes the optimal reorder point.

3.2.4 Distribution free approach

We consider the distribution free approach for the same model stated above. We do not make
any assumption for the distribution of the lead time demand X except that the cumulative
distribution function (c.d.f.) F' of the lead time demand belongs to the class & of c.d.f. with

mean DL and standard deviation ov/L. Only mean and standard deviation are known. The
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value of E(X — R)™ cannot be determined exactly as the exact probability distribution of the
lead time demand, X is unknown. Thus, a min-max distribution free approach is applied to
solve this problem. The min-max distribution free approach is to determine the least favorable
c.d.f. F in class & for each (@, R, S, L,m) and then to minimize the total expected joint annual

cost over (Q, R, S, L,m), i.e.,

Min Maxpeg  JATC(Q, R, S, L, m)

subject to  0< S <5 (14)

The following proposition is used to approximate the value of F(X — R)" which was pro-

posed by Gallego and Moon (1993).

3.2.5 Proposition 2

For any F' € &, the following inequality always holds.

E(X - R)* < % [\/U2L +(R—DL?— (R— DL)] (15)

Moreover the upper bound of the above equation is tight.
We have R = DL + ko+/L. By using relation (6) and inequality (15), model (14) can be

written as

Min JATC¢(Q,k,S,L,m) = aB(lnSy—1InS)+ g A+ 5 + %ﬂa\/z(\/ 1+ k2 —k)
m

where f denotes the distribution free case.
According to the previous normal distribution case, it can be shown that for fixed (Q, k, S)

O2JATC(Q, k, S, L,m)
OL2

<0

ie., JATC¢(Q,k,S, L,m)is concave in L. Therefore, the minimum value of JATC;(Q, k, S, L, m)
is attained at end points of the interval [L;_1, L;]. Again, for fixed m and L € [L;, L;,_1], the
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minimum value of @, k, and S is obtained by equating

OJATC(Q,k, S, L,m)

50 0
OJATC(Q. k, S, L,m)
~ 0
ok
OJATC;(Q. kS, Lim) _
9S -

We obtain the values as

2D [A + 2 4+ lroVL(V1I+K2) + C(L)

Q = i (7)
k 2Qm,C
g aBgm (19)

3.2.6 Proposition 3

If we denote Q**, k**, and S** as optimal values of ), k, and S, then for fixed L € [L;, L; 1] and
m, the expected joint total cost function for the distribution free approach JATC(Q, k, L, S, m)
has a global minimum at (Q**, k**, S**) obtained from equations (17)-(19) if the constraint
0< S <8 is relaxed.

Proof Similar proof as Proposition 1.

The optimal value of m (say m**) can be obtained from
JATCy(m™ — 1) > JATC(m™) < JATCp(m* + 1)

Taking into consideration the constraint 0 < S < Sy, we set S = Sy if the optimal value of
S (say S**) is higher than Sy. An algorithm for the distribution free approach is considered to
determine (Q**, k**, S**, L**, m™).

3.2.7 Solution algorithm 2
Step 1 Set m = 1.
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Step 2 For each L;,7 = 1,2, ...n; perform Step 2a—2e.

Step 2a Set S;; =0, kj; = 0.

Step 2b Evaluate @);; from equation (17).

Step 2c¢ Utilize @;; to determine the value of k;y from equation (18).
Step 2d Utilize Q;; and find S;; from equation (19).

Step 2e Repeat 2b to 2d until no changes occur in the values of @Q);, k;, and S; as well as denote

these values by (QF*, k™, S;*).

7 2"

Step 3 If S/ < Sy, then go to Step 4. Else set Sf* = Sy and utilize (17) and (18) to determine
new optimal values of (Q, k) denoted by (Q;**, k;**) by substituting S by Sy and using

the same procedure as stated in Step 2. Then go to Step 4.

Step 4 Find JATC(Q:*, k*, S:*, L, m) and Min,_y o, .J ATC(Q*, k*

AL A yeen AT A

S:, Lz,m)

Step 4a If JATC(Q:*, k;*, 57, Li,m) = Miny_y 5o JATC(Q?*, k*

AL yoos A

then JATC(Q:*, k™, Si*

7 g 2y Mg

S'Z'k*v Li7 m)7

L;,m) is the optimal solution when m is fixed.

Step 5 Set m =m + 1.
If JATC(Q:r kX, Sir Ly,m) < JATC(Qr (ki 1, Sk |, Lin—1,m — 1), repeat Step 2,

m>’ "Ym> m—1 "Ym—1>~m—1»

Step 3, and Step 4. Else go to Step 6.

Step 6 Set JATC(Q:r kX Sk Ly,m) = JATC(QF k5 1,85 |, Ly, m — 1).
(Q*, k™, L™, 5™ m*) is the optimal solution. The optimal reorder point can be obtained
from R*™* = DL* + k™ovL**, where R** denotes the optimal reorder point for the

distribution free model.

We note that for both algorithms in Step 3, if the reduced setup cost S for the vendor greater
than the initial setup cost Sy, we will take Sy as the vendor’s setup cost and there will be no

need to use vendor’s setup cost reduction.
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Table 3.1

Lead time data

Lead time Normal Minimum Unit crashing
component duration duration cost

i b; (days) a; (days) ¢ ($/day)

1 20 6 0.4

2 20 6 1.2

3 16 9 5.0

3.3 Numerical experiments

The parameter values used in the following examples are obtained from Ouyang et al. (2004).
Example 1
We consider an example to illustrate the algorithm described above. This example deals with
the model having the lead time demand which follows the normal distribution. Let us consider
D = 600 units/year, A = $200/order, C}, = $100/unit, 7 = $50/unit, o = 7 units/week, P =
2000 units/year, Sy = $1500/setup, C,, = $70/unit, r, = $0.2/unit/year, r, = $0.2/unit/year,
a = 0.1/dollar/year, and B = 18000. The lead time has three components and the data for
the lead time are shown in Table 3.1. We obtain some results which are described in Table 3.2.

Applying algorithm 1, we obtain the following results for Example 1. The optimal ordering
quantity Q* = 134 units, the lead time L* = 28 days, the optimal setup cost for the vendor
S* = $1202.6, the number of lots delivered from the vendor to the buyer m* = 3, the reorder
point R* = 65 units, the minimum joint cost is $6627.4/year.

Now we compare our numerical results to Banerjee’s (1986) and Ouyang et al.’s (2004)
model in order to examine the effect of considering the vendor’s setup cost as variable. The
summarization of these comparisons is shown in Table 3.3 and Table 3.4.

From Table 3.3 and Table 3.4, our model indicates the lowest cost compared to that of
Banerjee’s (1986), Goyal’s (1988), and Ouyang et al.’s (2004) model for both m = 1 and m > 1.
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Table 3.2

Solution of Example 1 (for normal distribution case)

m | LY | Q S R:, | JATC(Q:, R, S5, L, m)
1 |28 |212 |637.2 |6l 6981.7

2 |28 |162 | 9727 | 63 6638.2

3 |28 [134 |12026 | 65 6627.4 o+

4 |28 |115 |1380.7 | 66 6716.0

%~ indicates the minimum expected joint total cost.

Table 3.3

Comparison table (for m = 1)

Banerjee (1986) | Ouyang et al. (2004) | This model
Reorder point (R) (units) - 58 61
Buyer’s ordering quantity (@) (units) 290 299 212
JATC (3) 7948.9 7466.7 6981.7

— indicates the reorder point was not considered as a decision variable in Banerjee (1986).
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Table 3.4

Comparison table (for m > 1)

Goyal (1988) | Ouyang et al. (2004) | This model
Number of lots delivered (m) 2 3 3
Reorder point (R) (units) — 64 65
Buyer’s ordering quantity (@) (units) 164 144 134
Vendor’s lot size (m(@)) (units) 328 432 402
JATC () 7875.1 6660.4 6627.4

— indicates the reorder point was not considered as a decision variable in Goyal (1988).

Example 2

The data for Example 2 are the same as Example 1. This is for the distribution free case.

Applying algorithm 2, we obtain results as follows. The optimal ordering quantity Q** = 204

units, the lead time L** = 28 days, the optimal setup cost for the vendor S** = $1227.4, the

number of lots delivered from the vendor to the buyer m** = 2, the reorder point R** = 61

units, and the minimum joint cost is $6994 /year. Solutions for Example 2 are summarized in

Table 3.5.

3.3.1 Sensitivity analysis

For sensitivity analysis, we change each key parameter by —50%, —25%, +25%, and +50%.

Each parameter is changed one at a time keeping other parameters fixed. The effect of changes

of the key parameters are illustrated in Table 3.7 and Table 3.8.
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Table 3.5

Solution of Example 2 (for the distribution free case)

m L Q S R JATC(Qrr Ry, Sk, L. m)
1 28 258 775.4 o8 7244.2

2 28 204 12274 61 6994.4 b

3 28 173 1555.6 63 7066.3

b= indicates the joint total cost for the distribution free case.

Table 3.6

Sensitivity analysis for normal distribution case

Parameters | Changes(in %) | FACY || Parameters | Changes(in %) | EACY
—50% —6.32 —50% —14.55

—25% —2.99 —25% —6.59

A +25% +3.00 Ty +25% +6.47
+50% +6.33 +50% +11.89

—50% —16.65 —50% —7.46

—25% —7.24 —25% —4.00

Cy +25% +7.11 Ty +25% +4.39
+50% +14.01 +50% +8.51

—50% —7.56 —50% —19.21

—25% —3.89 —25% —6.56

Cy +25% +3.23 So +25% +5.64
+50% +6.32 +50% +11.91
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Table 3.7

Sensitivity analysis for distribution free case

Parameters | Changes(in %) | FACY || Parameters | Changes(in %) | EACY
—50% —5.06 —50% —16.15

—25% —2.33 —25% —8.69

A +25% +2.36 Ty +25% +7.57
+50% +4.87 +50% +15.02

—50% —15.99 —50% —9.37

—25% —7.79 —25% —3.86

Cy +25% +6.97 Ty +25% +4.01
+50% +14.23 +50% +8.96

—50% —8.06 —50% —17.53

—25% —4.56 —25% —8.33

Cy +25% +4.27 So +25% +6.70
+50% +8.14 +50% +11.26
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3.3.2 Evaluation of expected value of additional information (EVAI)

Now we compare results of the distribution free case to the normal distribution case. The
lead time demand distribution is not known. Therefore, some additional information is needed
to get familiar with the nature of the lead time demand distribution. From Table 3.2 and Ta-
ble 3.5, we obtain (Q*, R*,S*, L*,m*) = (134, 65,1202.6,28,3) and (Q**, R**, S**, L** m**) =
(204,61, 1227.4,28, 2). Therefore, the added cost will be JATC(Q**, R*™, S**, L**, m*™)
—JATC(Q*, R*,S*, L*,m*) = $6651.86 — $6627.4 = $24.46 which is less than 1% of the joint
total cost for the distribution free case. This amount is said to be the expected value of ad-
ditional information (EVAI) for the buyer. This is the largest amount that a buyer would be
willing to incur to obtain the information of the lead time demand distribution. This concept

was introduced by Moon and Gallego (1993).

3.4 Managerial insights

This chapter deals with a fruitful way for cost reduction in an integrated supply chain model.
The managerial insights of this chapter are given as follows.
e The manager can reduce the setup cost of vendor by investing an amount of fund which
results reduction of total supply chain cost also.
e The reduced cost shown in this study is lesser than the total cost shown in existing literature.

e Manager can decide whether to invest fund or not in collecting market demand information.

3.5 Concluding remarks

This study considered an integrated vendor-buyer supply chain model with the lead time,
ordering quantity of the buyer, reorder point, quantity shifted from the vendor to the buyer,
and the setup cost for the vendor as decision variables. An investment function was used to
minimize the vendor’s setup cost. The lead time demand is distributed normally. In the second
model, the distribution free approach is applied for the lead time demand. We minimized the

expected joint total cost for the buyer and the vendor for both the normal distribution and
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the distribution free cases. Finally, we saved more amount of money compared to the previ-
ous studies related to this problem. The model can be extended by improving the quality of
products produced by the vendor. One immediate extension for this model is to consider an
investment for buyer’s ordering cost reduction. A fruitful research can be done by assuming
a discrete investment to reduce vendor’s setup cost instead of continuous investment. One

another possible extension can be examined by considering the deterioration of the items.

3.6 Appendices of Chapter 3

Appendix A
Area ADEG is divided into two strips. These are (mQ)(Q/P) and (m—1)(Q/D)(mQ), respec-
tively. Therefore,
Area ADEG = mQ(Q/P) + (m —1)(Q/D)(mQ)
= (mQ{Q/P+ (m - 1)(Q/D)}
Area AGF = (1/2)(mQ/P)(mQ) = m*Q/2P
Area of the ladder = [Q+2Q +3Q + ...+ (m —1)Q)(Q/D)
Total inventory of the vendor = Area ADEG — Area AGF — Area of the ladder
Q] mQ* @?

= mQ[%ﬁL(m—l)E} 5P 3[1+2+...—|—(m—1)]

Appendix B
Proof of Proposition 1.

For given value of L and m, the Hessian matrix H is as follows

82 JATC(") 92JATC() O2JATC ()
0Q? 0Qok 8Q0S
H = 92 JATC(-) 92 JATC(-) 9?2 JATC(-)
0koQ ok? koS
O2JATC(-) 02 JATC(-) O2JATC(-)
9S0Q S0k a5?

The symbol “.” represents independent variables of the function JATC. Now, the global
minimum is attained only if principal minors of all order are positive. Expressions of all partial

derivatives of the above Hessian matrix are derived below.
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O2JATC(")
0Q?
O2TATC(")
9Q0k
O2JATC(")
9QdS
O2JATC(")
9kOQ
O2JATC(")
k2
O2JATC(")
9kdS
92JATC(")
9500
O2JATC(")
050k
O2JATC(")
05?

2D

The first order principal minor of |H| is

|H11|(Q*,k‘*,s*) —

0Q)?

ORJATC(.) ‘ B
(Q*7k*7s*) Q*B

2D

The second order principal minor of |H]| is

|H22|(Q*,k*,5*)

B2 JATC() PJATC()

0Q?
2D
@
2D?
Q*4
2

Q*4

Ok?

OPJIATC(")
B ( 0QOk

roV L (k) {A + % + C(L)]

;

roV L (k) {A + % + 1oV Lp(k) + cm}

D—W%QL [20(k") (k") — (P(k*) — 1)*] >0

A+ % + 1oV Ly (k) + C(L)

{A + E + oV LY (k) + C(L)] >0

as @(k), ¥(k) > 0 and 2¢(k)(k) — (®(k) — 1)? > 0 for all k > 0 (Ouyang et al., 2004).
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The third order principal minor of |H| is

9?2 JATC(") 92JATC(") 92JATC(")

Q2 dQok QS
_ 92JATC() 92JATC() 92JATC(")
|H33|(Q*,k*75*) - GIe) k2 okOS
O2JATC(:)  82JATC()  92JATC(")
830Q S0k 052
QB D3 *
= S*2 ‘H22| — WTFU\/ZQ%]C )
2D? 9 9 . 2D? . S*
> W?T o“Lo(k )+me/f¢(k ) A+E+C(L) —
D2 *

* * S
= W?TO L 210V Lo (k) + 24 (k*) {A + P + C(L)} -

as 2oV L + 2 (k*) A + % +C(L) >

D
Q*mZ

D3

—Q*5m2 WO\/Z¢(]€*)

D

de)(k*)} >0

We see that all principal minors of the Hessian matrix are positive. Hence, the Hessian

matrix, H is positive definite at (Q*, k*, S*). Therefore, the total expected annual cost function

has a global minimum at (Q*, k*, S*).
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Chapter 4
Manufacturing quality improvement and setup cost reduction
in an integrated vendor-buyer supply chain system
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4 Manufacturing quality improvement and setup cost re-
duction in an integrated vendor-buyer supply chain
system

In this chapter, a method to improve the quality of a single type of product and reducing ven-
dor’s setup cost in a single-vendor and single-buyer model, is established. The buyer’s demand
is deterministic, but the lead time demand follows firstly a normal distribution and then follows
no specific distribution except known mean and standard deviation. Based on the nature of
lead time demand distribution, this research considers two different models. The procedure of
reducing the vendor’s setup cost and the manufacturing quality improvement of products are
established analytically. In any production system with long run process, the occurrence of
defective items arises. These items are reworked, rejected, or refused based on different policies
of industries. Therefore, it is realistic that a cost to be incurred in order to improve quality
of products. An investment can be done to improve the production process. The role of an

investment is utilized to reduce the setup cost.

4.1 Literature review

Some literatures similar to Chapter 3 has been omitted as this chapter is an extension of the
previous one. Some of the important literatures based on this topic is described. Goyal (1976)
developed a single-supplier single-retailer integrated inventory model as the first research work
in this field. Banerjee (1986) extended Goyal’s (1976) model by assuming a joint economic lot
size model. Goyal (1988) extended Banerjee’s (1986) model with the vendor’s production quan-
tity as an integer multiple of buyer’s ordering quantity. Huang (2002) introduced an imperfect
quality products in an integrated vendor-buyer model.

Porteus (1985) introduced the concept of setup cost reduction in the inventory literature.

Porteus (1985) and Rosenblatt and Lee (1986) first established the relation between the lot size
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and quality imperfection. Porteus (1986) investigated the effect of investment in reducing the
setup cost and quality improvement cost jointly. Ouyang et al. (2002) utilized an investment
for reducing setup cost in an inventory model with the imperfect production and controllable
lead time. Sana (2011) considered a three—layer supply chain model with imperfect produc-
tion. Soni and Patel (2012) investigated an integrated inventory model with defective items

and variable production rate under retailer’s partial trade credit policy.

4.2 Model formulation

This chapter is and extension of chapter 3. The assumptions to formulate the model are
discarded as they are similar to the assumptions in previous chapter.

The buyer orders the quantity () to the vendor and the vendor produces the quantity mQ@).
In order to reduce the setup cost whole m() amount is produced within a single setup, but @)
quantity is delivered to the buyer after its production. Thus m(@ quantity will be delivered after
m units of time. The expected cycle length of the vendor and buyer are ng and %, respectively.
The system is continuously investigated in such a manner that whenever the inventory level
reaches the reorder point R, an order quantity () is placed.

X is distributed as normally with finite mean DL and standard deviation ov/L. The
shortage occurs if X > R. The expected shortage at cycle end can be written as E(X — R)™ =
Il ;;O (x — R)dF(z). The expected net inventory level just before placing an order and after the
delivery of item are R — DL and ) + R — DL, respectively.

Thus, the expected holding cost per unit time is 7,Cy[(Q/2) + R — DL]. The expected
shortage cost per unit time is %E (X —R)*.

AD

The ordering cost per unit time o and lead time crashing cost per unit time is

The total expected cost per unit time for the buyer can be calculated as follows

DC(L)
=

2+ 288 L naio/) + r- o0+ B - Ry (20)

TEC, =
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The vendor’s expected setup cost per unit time is i—g.

The average inventory of the vendor is obtained from the similar derivation of Chapter 3.

Q Q m2Q? Q? D
= — —-1)=| - — e —(14+2+.. -1 —
[{mQ(P+(m )D 2P D(—I— +..+(m-1)) 0
. Q D 2D
= 3 |™ 1— ) 1+ Iz
Hence, the expected holding cost per unit time for vendor is

= ervg {m(l—%)—l—l—%}

Now, we introduce a possible relationship among defective items, quality, and lot size.
During production process, there may be the possibility of producing imperfect items. During
the time of producing a lot size m@), expected defective units can be approximated by m@Q6/2
(Porteus, 1986). Therefore, the expected annual cost for imperfect items is sDmQ60/2. Hence,
the total expected cost per unit time for vendor is

ATC,(Q,m) = 51_16)2 + rUCU% [m (1 _ %) 1 %} . SD?;QH (21)

Investment in vendor’s setup cost reduction

Now, we investigate the effect of investment on vendor’s setup cost reduction. In relation
(2), the equation represents the vendor’s total expected cost per unit time. The setup cost is
assumed as a fixed parameter. But for more realistic issues, this cost must be a variable and
this can be done by varying the capital investment assigned to reduce the vendor’s setup cost.
If I is the investment for setup cost reduction, then it can be expressed as
Ig = Bln(%) for 0 < § < S, ie., Is = B(InSy — In S), where Sy is the initial setup cost,
B = %, and 6 = The decrease of percentage in S/dollar increase in Ig.
Investment in quality improvement of the product

Similar to the reduction of vendor’s setup cost, the investment in quality improvement of
the product is also taken into account. We assume the capital investment as I for the reduction

of the out-of-control probability 6. Thus, Iy can be expressed as

Ip=bIn(%) for 0 < 0 < 6y, i.e., Iy = b(Infy — In ), where 6 is the initial probability for which
0
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the production process may go out-of-control and b = %, where A represents the percentage
decrease in 6 per dollar increase in .

Thus the total expected cost for the vendor per unit time is

D
ATC, = «o[B(InSy—InS)+b(nby—1Ind)] + 51—@
Q D 2D sDmQ0
+ rUCvE [m <1 F) 1+ ?] + 9 (22)

where « is the annual fractional cost of capital investment.

The expected shortage at cycle end can be written as

E(X -R)t = /Oo(x—R)dF(x)

= oVLy(k)

where (k) = ¢(k) — k[1 —®(k)], ¢ stands for the standard normal probability density function,
and ¢ = stands for the cumulative distribution function of normal distribution. In this context,
we consider k£ as a decision variable. The optimal reorder pint can be calculated by the formula
R= DL+ koVL.

The expected joint total cost of the buyer and vendor is

JATC(Q,k,S,0,L,m) = ATCW(Q,k,L)+ ATC,(Q,S,m)

= a[B(InSy —1InS) + b(Infy — In6)]
+ g [A + % + oV L (k) + C(L)}

+ % {rbC’b—l—mC’v {m (1—%) —1—|—%H

DmQ#
+ rCokovVI + 2 ZLQ

(23)

Now the problem is to minimize the expected joint total cost function with respect to two
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constraints as 0 < S < Spand 0 < 0 < 60y i.e.,

Min JATC(Q,k,S,0,L,m) = «a[B(InSy—1InS)+b(lnby —Inb)]

+ g [A + % + oV Ip(k) + C(L)]
+ %H(m) + r,Choko VL + SDT;QO
subject to 0< S <85,
0<6<0,
where H(m) = nr,Cy+ r,C, [m(l - %) -1+ %

(24)

This is a constrained non-linear programme. In order to obtain the solution of the problem,

first we neglect two constraints 0 < S < Sy and 0 < € < 6. The objective function of the

above problem is a function of six variables @), k, S, 6, and L where m is a positive integer

which indicates it is a discrete variable. Therefore, taking partial derivatives of the objective

function with respect to @, k, S, #, and L, we obtain

DJATC(Q, k. 5.0, L, D S
<8Q m ~ g5 |4+ 2+ moVTuh) + (D)
+ %H(m) + SDQmH
8JATC(Q,aIZ,L,S,0,m) Do V00 — 1] 4 rCho T
[¢'(k) = —ko(k), D' (k) = (k)]
OJATC(Q,k,S,0,L,m) B aB D
oS - 5 Tho mQ
OJATC(Q,k,S,0,L,m) ab sDmQ)
00 - T T
OJATC(Q,k,S,0,L,m) D DIC(L) | rCyko
oL = v e Tar Tt
D |:7T0'¢<k‘) B c-] N ryCypko
WL 2V/L

Again

2
d JATC(%}];? S797L7m) —_ _%ﬂ'gw< )L73/2 — inCka'LS/Q <0
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which shows that for fixed @, k, S, 6, and m, the function JATC(Q,k, S,0, L, m) is concave
in L. Thus for fixed @, k, S, 6, and m, the minimum value of JATC(Q, k, S, 0, L, m) attends
at the end point of the interval [L;, L;_1]. Now for fixed positive integer m, the values of @),

®(k), S, and 0 are obtained by equating the equations (25), (26), (27), and (28) to zero as

NI

2D |A+ 2 + noVLy(k) + C(L)

@ = H(m) + sDm# (30)
B 7, CpQ
k) = 1-— Do (31)
~aBQm
S = D (32)
2ab
b = sDmQ (33)

4.2.1 Proposition 1

If we denote Q*, k*, S*, and 6* as optimal values of ), k, S, and @ then for fixed L &
[L;, L;—1] and m, the Hessian matrix for JATC(Q, k, S, 0, L, m) is positive definite at the point
(Q*, k*, S*,0*) obtained from equations (30)—(33) if the constraints 0 < .S < Sy and 0 < 0 < 6,
are relaxed.

Proof: See Appendix A.

The optimal value of m can be obtained when
JATC(m* — 1) > JATC(m*) < JATC(m* + 1)

where m* is the optimal value of m.

We now take two constraints into consideration. S and # are both positive quantity as «, B,
Q, m, D, b, and s are all positive. If S* < Sy and 0* < 6, then S* and 6* are optimal solutions
of S and 6, respectively. But if S* > Sy occurs, then the investment for setup cost reduction
for vendor becomes a negative quantity which does not make any sense. In this situation we
reconsider S* = Sy and no investment is considered for setup cost reduction. Similarly for the

case when 0* > 6y, we take 0* = 0,. We now describe the following algorithm to obtain the
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optimal solution of our model.

4.2.2 Solution algorithm SM 1

Step 1 Set m = 1.

Step 2 For each L;,© = 1,2,...n; perform Step 2a—2f.

Step 2a Set S;; =0, ki1 =0, 6;1 = 0 (implies 1(k;1) = 0.39894).

Step 2b Substitute 1 (k;;) into equation (30) and evaluate Q;;.

Step 2c Utilize ;1 to determine the value of ®(k;2) from equation (31).

Step 2d For the value of ®(k;3), find k;p from the normal table and hence evaluate (k).
Step 2e Utilize ();; to obtain S;» and 6;5 from equation (32) and (33).

Step 2f Repeat 2b to 2e until no changes occur in the values of @Q;, k;, 5;, and 6; as well as
denote these values by the point (QF, k7, S}, 67).

i) Vi Mi Ve

Step 3 Comparison between S* and Sy, and 6* and 6,.

Step 3a If Sf < Sy and 67 < 6, then (QF, kF, Sf, 67) is the optimal solution. Go to Step 4.

1) Ve Mg Vg

Step 3b If S > Sy and 67 < 6y then set SF = Sy and utilize (30), (31), and (33) to determine
new optimal value of (@, k, ) denoted by (@}, ki, 0") by substituting S by Sy and using

29 Vo

the same procedure stated as Step 2. Then go to Step 4.

Step 3c If S < Sp and 6} > 6 then set 07 = 6, and utilize (30), (31), and (32) to determine
the new optimal value of (@, k,S) denoted by (QY, kY, S!) by substituting 6 by 6, and

PR Nad)

using the same procedure stated as in Step 2. Then go to Step 4.

Step 4 Find JATC(Q}, kF, S;, 07, L;,m) and Min;_ 2

i? ’i? Y1)

77777 nJATO( ;k’ k:v S;k?e:a Lzam)
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Step 4a If JATC(Q}, kF, S;,0F, Li,m) = Min,—y o ,JATC(QF, kf, S}, 05, Li,m),

then JATC(QF, kf, Sf, 65, L;,m) is the optimal solution for fixed m.

A B R IR A

Step 5 Set m =m + 1.
If JATC(Q%,, kS, 0% Ly,m) < JATC(QF, 1,k 1,55 1,05 1, Lyn_1,m — 1), repeat

m? "Vms Mmoo Ymo m—1 ""m—1>~m—1»Ym—1»

Step 2, Step 3, and Step 4. Otherwise go to Step 6.

Step 6 Sct JATC(Qh, ki, Siys O Lins ) = JATC(Qy_y Ky Sips Oy Ly m — 1).
Then (Q*, k*, L*, S*,0*, m*) is the optimal solution and the optimal reorder point can be
obtained from R* = DL* + k*o+v/ L*, where R* denotes the optimal solution for R, the

reorder point.

4.2.3 Distribution free approach

Most of the time, the exact distribution of the lead time demand is very difficult to obtain.
Managers need to pay a lot of money to collect the necessary information about lead time de-
mand distribution. In this situation, min-max distribution free approach is very useful to solve
the model, where the lead time demand does not follow any specific probability distribution ex-
cept mean and standard deviation. We consider any distribution function (d.f.) F' for the lead
time demand in the class G of d.f.’s with mean DL and standard deviation o+v/L. The value of
expected shortage cannot be determined exactly as the lead time demand distribution is un-
available. The min-max distribution free approach is used to determine the most unfavorable
distribution function function F in G for each (Q, R, L,S,0, m) such that the expected joint
total cost for vendor and buyer is maximized and then to minimize it over (@, R, L, S, 0, m).

Thus, the problem can be stated as
Min Maxpeq  JATC(Q, R, S,0,L,m)
subject to 0<S<8,
0<6<6 (34)
The following proposition is used by Gallego and Moon (1993) to approximate the value of

E(X — R)*.
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4.2.4 Proposition 2

For any F' € (G, the following inequality always holds.

E(X —R)* < % [\/OZL Y (R—DLY? — (R— DL)] (35)

Moreover the upper bound of the above equation is tight.

From model (24) and the inequality (35), the model (34) is reduced to

Min JATC¢(Q,k,S,0,L,m) = «a[B(InSy—InS)+b(lnby —1nb)]

+ g[A+%+%mmm_k>
v o] + LHm) + rCko VT + 2P0
subject to 0<S<85
0<0<0 (36)
where H(m) = 71,Cy+r,Cy [m (1 - %) —1+ %}

Taking partial derivatives of the objective function with respect to @), k, S, and 6, then equating

to zero we obtain

2D [A + 5 4+ IroVL(VI+ K2 — k) + O(L)} :

@ = H(m) 4+ sDm#b (37)
k 21, C
itk L= T;);Q (38)
g ongm (39)
2ab
- stanQ (40)

4.2.5 Proposition 3

If we denote Q**,k**, S**, and 6** as optimal values of @), k, S, and 6 then for fixed
L € [L;, L;—4] and m, the Hessian matrix for JATC;(Q,k,S,0,L,m) is positive definite at
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the point (Q**, k™, S**, 0**) obtained from equations (37)—(40) if the constraints 0 < S < Sy
and 0 < 6 < 6, are relaxed.

Proof Similar proof as Proposition 1.
For fixed Q**, k**, S**, 6**, and L** the optimal value of the objective function JATC(Q, k, S, 6, L, m)

will be obtained when
JATC(m™ —1) > JATC(m™) < JATC(m*™ + 1)

where m** denotes the optimal value of m. The constraints 0 < S** < Sy and 0 < 0** < 6,
will be satisfied also. An algorithm to obtain the optimal value for distribution free model is

illustrated below.

4.2.6 Solution algorithm SM 2

Step 1 Set m = 1.

Step 2 For each L;,© =1,2,...,n; perform Step 2a—2e.

Step 2a Set S;;1 =0, k;; =0, 6;; =0.

Step 2b Substitute S;i1, k1, 0;1 into equation (37) and evaluate Q1.
Step 2c Utilize @);; to determine the value of k;y from equation (38).
Step 2d Utilize ;1 to obtain S;; and 6;, from equation (39) and (40).

Step 2e Repeat 2b to 2d until no changes occur in the values of Q);, k;, S;, and 8; denote these
values by the point (Q*, ki*, S;i*, 07 x).

A A Rt A}

Step 3 Comparison between S** and Sy, as well as 6** and 6,.

Step 3a If S;* < Sy and 0* < 6y then (QF*, k;*, Si*, 0*) is the optimal solution. Go to Step

7 2y Mg 9 Yy
4.
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Step 3b If Si* > Sy and 67 < 0, then set S;* = Sy and utilize (37), (38) and (40) to determine
new optimal value of (Q, k,6) denoted by (QF, k¥, 6*') by substituting S by Sy and using

R RAL )

the same procedure stated as Step 2. Then go to Step 4.

Step 3c If S < Sy and 67 > 6, then set 07 = 0, and utilize (37), (38), and (39) to determine
the new optimal value of (Q, k, S) denoted by (Q", k", S") by substituting § by 6, and

A A Rad)

using the same procedure stated as in Step 2. Then go to Step 4.

Step 4 Find JATC(Q:*, ki*, S:*,6*, Ly, m) and Min_ »

PR A R B A A

..... nJATC(Q;k*> k:*a Sz**aez**a Lzam)

Step 4a If JATC(Q** k’** S** Q** Lz,m) = Minizl,g

PR A e B A A

..... nJATC(Q:*a k;k*7S£k*7€;<*7Li7m)7

then, JATC(Qr*, ki, S;*,0*, L;,m) is the optimal solution when m is fixed.

v 0y oy Mg 9 Ve o

Step 5 Set m =m + 1.
I JATC(Qr ki, S 05 Lp,m) < JATC(QF (ki S5 1,05 |, Ly—1,m—1), repeat

m"Vmss~M¥moYm> m—1)"Ym—-1>¥m—1 Ym—1

Step 2, Step 3, and Step 4. Otherwise go to Step 6.

Step 6 Set JATC(Q:F kX, S 0% L,,,m)=JATC(Q |, kX |, S5 0% | Ly_1,m—1).
Then, (Q**, k**, L**, S**, 60** , m*) is the optimal solution and the optimal reorder point
can be obtained from R* = DL** + k**o+/ L**, where R** denotes the optimal solution

for R, the reorder point.

4.3 Numerical experiments

Example 1

This example deals with a model having the lead time demand, following a normal distri-
bution. According to Ouyang et al. (2004), we consider D = 600 units/year, A = $200/order,
Cy, = $100/unit, 7 = $50/unit, o = 7 units/week, P = 2000 units/year, Sy = $1500/setup,
0, = 0.0002, C, = $70/unit, r, = $0.2/unit/year, r, = $0.2/unit/year, « = 0.1/dollar/year,
B = 18000, and b = 400. The lead time has three components and Table 4.1 shows the data
for the lead time. The results are given in Table 4.2 and Table 4.3.
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Table 4.1

Lead time data

Lead time Normal Minimum Unit crashing
component duration duration cost

i b; (days) a; (days) ¢; ($/day)

1 20 6 0.4

2 20 6 1.2

3 16 9 5.0

Table 4.2
Solution of Example 1 for variable setup cost (for normal distribution case)

L\ im Q k S 0 R | JTEC
28 | 1 |192.25|1.14 | 576.76 | 9.24x107% | 62 | 7161.33
28 | 2 | 142.09 | 1.31 | 852.54 | 6.25x107°% | 64 | 6848.75¢
28 | 3 | 115.43 | 1.42 | 1038.87 | 5.13x107% | 66 | 6856.84

® indicates the minimum joint total cost.

Table 4.3
Solution of Example 1 for fixed setup cost (for normal distribution case)
Lim| @ k S 6 R | JTEC
28 | 1 |266.67 | 0.92 | 1500 | 6.61x107% | 59 | 7688.14
28 | 2 | 166.74 | 1.22 | 1500 | 5.33x107% | 63 | 6995.86
28 | 3 | 126.12 | 1.38 | 1500 | 4.69x1075 | 65 | 6902.41°
28 | 3 | 103.72 | 1.48 | 1500 | 4.28x107% | 67 | 6967.86

Applying algorithm 1, we obtain the above results for Example 1. The optimal ordering
quantity Q* = 142 units, lead time L* = 28 days, optimal setup cost for the vendor S* = $853,
optimal out-of-control probability 0* = 6.25 x 107%, the number of lots delivered from the

vendor to the buyer m* = 3, the reorder point R* = 64 units, the minimum joint total cost is

b indicates the minimum joint total cost.
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$6849 /year.
Example 2

The data for Example 2 are the same as Example 1 in the distribution free case. Applying
algorithm SM 2, we obtain the results as follows. The optimal ordering quantity Q** = 155
units, the lead time L** = 28 days, the optimal setup cost for the vendor S** = $928, the
number of lots delivered from the vendor to the buyer m** = 2, the optimal out-of-control
probability 6** = 5.74 x 107°, the reorder point R** = 64 units, and the minimum joint cost is

$7164 /year. Solutions for Example 2 are summarized in Table 4.4 and Table 4.5.

Table 4.4

Solution of Example 2 for variable setup cost (for distribution free case)
L |m Q k S 0 R | JTEC

28 | 1 |207.83 | 1.05 | 623.50 | 8.55x107% | 61 | 7401.25
28 | 2 | 154.62 | 1.31 | 927.75 | 5.74x107% | 64 | 7164.34¢
28 | 3 | 125.99 | 1.50 | 1133.89 | 4.70x1075 | 67 | 7236.62

¢ indicates the minimum joint total cost.

Table 4.5
Solution of Example 2 for fixed setup cost (for distribution free case)
L |m Q k S 7 R | JTEC
21| 1 |275.76 | 0.82 | 1500 | 6.44x107° | 45 | 7848.76
28 | 2 | 174.87 | 1.19 | 1500 | 5.08x107% | 63 | 7266.90
28 | 3 | 133.00 | 1.44 | 1500 | 4.43x1075 | 66 | 7256.76¢
28 | 2 | 110.81 | 1.63 | 1500 | 4.01x107% | 69 | 7392.18

4 indicates the minimum joint total cost.

4.3.1 Sensitivity analysis

For sensitivity analysis, we change each key parameter by —50%, —25%, +25%, and +50%.

Each parameter is changed one at a time keeping other parameters fixed. The effect of changes
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Table 4.6

Sensitivity analysis for normal distribution case

Parameters | Changes(in %) | EACY || Parameters | Changes(in %) | EACYN
—50% —5.82 —50% —15.65

—25% —2.82 —25% —7.39

A +25% +2.68 b +25% +6.73
+50% +5.23 +50% +12.95

—50% —15.65 —50% —8.76

—25% —7.39 —25% —4.19

Ch +25% +6.73 Ty +25% +3.88
+50% +12.95 +50% +7.51

—50% —8.76 —50% —18.22

—25% —4.19 —25% —7.56

Cy +25% +3.88 So +25% +5.86
+50% +7.51 +50% +10.66

of the key parameters are illustrated in Table 4.7 and Table 4.8.

The percentage change in the joint total cost indicates that some parameters like Cy, 7y,
and Sy are more sensitive than that of A, C,, and r, to the optimal cost. From sensitivity
analysis it is seen that when key parameters are increased total system cost also gets increased.
Results of the sensitivity analysis are same for the distribution free case. However, percentage

changes in the joint total cost with the change of key parameters are different in two cases.
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Table 4.7

Sensitivity analysis for distribution free case

Parameters | Changes(in %) | FACY || Parameters | Changes(in %) | EACY
—50% —5.06 —50% —15.99

—25% —2.47 —25% —7.53

A +25% +2.36 Ty +25% +6.85
+50% +4.64 +50% +13.16

—50% —15.99 —50% -9.09

—25% —7.53 —25% —4.35

Cy +25% +6.85 Ty +25% +4.04
+50% +13.16 +50% +7.82

—50% —9.09 —50% —17.41

—25% —4.35 —25% —7.23

Cy +25% +4.04 So +25% +5.61
+50% +7.82 +50% +10.19

71




4.3.2 Evaluation of expected value of additional information (EVAI)

We compare results of the distribution free case to the normal distribution case. From Table
4.2 and Table 4.4, we obtain (Q*, R*,S*, 0*, L*, m*) = (142,64,853,6.25 x 1075 28,2) and
(Q**, R**, S**, 0™, L** m*™) = (155,64,928,5.74 x 1075,28,2). The added cost will be
JATC(Q**, R*™*, S*, 0™, L™ m*™)— JATC(Q*, R*, S*,0*, L*, m*) = $6863—$6849 = $14 which
is less than 1% of the joint total cost for the distribution free case. This amount is said to be
the expected value of additional information (EVAI) for the buyer. This is the largest amount

that a buyer should incur to obtain the knowledge of the lead time demand distribution.

4.4 Managerial insights

This chapter consists of an integrated vendor-buyer supply chain model with cost reduction
and quality improvement. The managerial insights of this chapter are as follows.
e Manager can reduce the setup cost of vendor and improve quality of products by a capital
investment. Reduction of setup cost results the reduction of total supply chain cost also.
e By incurring a lead time crashing cost retailer can reduce the delivery lead time which leads
to a better service level.
e The distribution free approach is applied to obtain the optimal decisions if managers are not
willing to pay fund to collect market information.

e EVAI suggests the manager whether to invest any fund or not to collect demand information.

4.5 Concluding remarks

This study considered an single-vendor single-buyer supply chain model with controllable
lead time. This research improved the manufacturing quality of products and reduced the
vendor’s setup cost by using an investment function. From numerical results, it was seen that
the total system cost is reduced for the variable setup cost rather than fixed setup cost. The
initial out-of-control probability was also reduced after using the investment function for quality

improvement. The EVAI was less than 1% of the total system cost which suggests managers to
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pay funds for collecting market information. The model can be extended by assuming multi-

item.

4.6 Appendix of Chapter 4

Appendix A
Proof of Proposition 1.

For given value of L and m, the Hessian matrix H is as follows

O2JATC(") 92 JATC(-) 9?2 JATC(-) 9?2 JATC(-)
2Q? 0Qok 2QaS 8QH0
d2JATC() 82 JATC() 92 JATC() 92 JATC()
H— 0koQ k2 koS 0ko0
02 JATC(") 92 JATC(-) 92 JATC(-) 9?2 JATC(-)
250Q S0k 05?2 0S80
02JATC(") 92 JATC(-) 9?2 JATC(-) 92 JATC(-)
200Q 900k 2008 062
Now
O*JATC(-) 2D S
PIATC(-) D
—_ = —— L®(k)—1
900k =" [@(k) —1]
O*JATC() D
0Q0S  mQ?
PIATC(") D
T = ——noVL[®(k) -1
PIATC(-) D
T = 67T0'\/E¢(k’)
PIATC() 0
okoS N
P*JATC() D
250Q Q*m
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O2JATC()

osok "
PJATC()  aB
052 e
PJATC()  ab
962 e
PJATC(-)  sDm
0Q08 2
PJATC() 0
0500
PIJATC() 0
0koo
The first order principal minor of H is
2 *
s s = %‘(Q*’k*w _ 22?3 {A + 2 b moVIp(k) + C(L)] >0

The second order principal minor of H is as follows

|H22|(Q*,k*,5*)

RJATC(-) > JATC() (0> JATC()\?
02 ok? _( 0QOk )

2D? , g*
g TV LK) {A + 4 C(L)}
DL 0 )olh) — (@) ~ 1] >0
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as ¢(k), ¥(k) > 0 and 2¢(k)y (k) — (®(k) — 1)? > 0 for all k > 0 (Ouyang et al., 2004).
The third order principal minor of H is

B2JATC()  82JATC()  82JATC()

Q2 0Q0k 9Q0S
_ 92 JATC(- O2JATC(- 92 JATC(-
‘H33|(Q*,k*,3*) - 8k8Q() k2 u 6k85()
O2JATC() 02JATC() 92JATC()
950Q 950k 252
aB D3 .
= G2 |H22| — W?TU\/EQb(k )
2D? . 2D? . S* .
> WWZUQLQSU{; )+ —*47Ta\/z¢(k ) {A—F —+C(L )} Om 7r0\/_gb(k )
= VI | 250Vt + 20k da+ 2 4 cr D] >0
= DnoVE oo Eot + 2000 {4+ S ey - o] 5
. S* D
as 2moVL + 20(k") A+ =+ C(L) > =
m m

The forth order principal minor of H is

92 JATC(-) 9?2 JATC(-) 92 JATC(-) O2JATC(")
Q2 9Q0ok 9QdoS 8Qo0
D2JATC()  9*JATC()  &JATC()  >JATC()
| H 4| _ 9kdQ K2 kdS ko0
441(@Q~ k~,87) Q2JATC()  O2JATC()  O2JATC()  O2JATC()
850Q DSk D52 500
9?2 JATC(-) 92 JATC(-) O2JATC(") 02JATC(")
800Q 00k 2685 862
ab sDm | aB  DnovVLo(k*) sDm
= — ] — X X
(9*2 2 8*2 Q* 2
ab raB (2D? . S* D?
= E[SQ{QMWU\/ZQ/J(]C ) [A+—+C’( )} + Q*47T202\/Z

200)6(8) — (@) = 1]} = GrosmovLo(i)]

2
- (ng) < 55 % orroVEo(i)
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This is enough to show that

2ab s*m?D

Ww*) - ¢(k*) >0 (41)
and {A + % - C(L)] + %[2@0(1@'*)@6(/&) — (®(k*) = 1)7]

—Q%;m\/fmk*) >0 (42)
ie. {A + % +C(L) + wa\/f} — %gﬁ(l@*) >0 (43)

Inequality (22) holds because 6* << 1, Q*; ¥ (k*) > ¢(k*) such that

2ab o 82Dm*
) > 2ok
Inequality (24) holds because
S* D
A+ — * * 1
+ > Q*m2¢(k ) as ¢(k*) <
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Chapter 5
Two-echelon supply chain model with
manufacturing quality improvement and setup cost reduction
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5 Two-echelon supply chain model with manufacturing
quality improvement and setup cost reduction

For quality improvement purposes, any manufacturing unit has to change certain parts of
equipments. Any such changes in the assembly—line manufacturing system or production
process involves a cost known as setup cost. Minimizing the setup cost and improving the
product quality is of prime importance in today’s competitive business arena. This chapter
develops the effect of setup cost reduction and quality improvement in a two-echelon supply
chain model with deterioration under lot—splitting policy. The objective is to minimize the
expected total cost of the entire supply chain model (SCM) by simultaneously optimizing setup

cost, process quality, number of deliveries, and lot size.

5.1 Literature review

Dealing between two parties (vendor-buyer or manufacturer-retailer) there are various policies
that confirms how a product will be delivered, namely the SSMD (Single-setup-multi-delivery)
and the SSSD (Single-setup-single-delivery). Choosing a suitable delivery policy is an impor-
tant criteria. An integrated production inventory model with single-vendor single-buyer was
extended by Hill (1997) as a generalized policy. Cdrdenas-Barrén (2007) presented a note
on optimized inventory decisions in a multi-echelon multi-customer supply chain. Cardenas-
Barrén (2011) discussed the variation of inventory models with two backorder costs using an-
alytical geometry and algebra. Teng et al. (2011) considered the economic lot size of the
integrated vendor-buyer inventory model without derivatives and with a closed form optimal
solution. Asghari et al. (2015) reversed a logistic network design with incentive-dependent

return. Watanable and Kusukawa (2015) evaluated an optimal ordering policy in dual-sourcing

B. Sarkar, A. Majumder, M. Sarkar, B. K. Dey, G. Roy, Two-echelon supply chain model
with manufacturing quality improvement and setup cost reduction, Journal of Industrial and

Management Optimization. Accepted.
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supply chain considering supply disruptions and demand information. Wisittipanich and Heng-
meechai (2015) discussed about a multi-objective differential evolution for just-in-time door
assignment and truck scheduling in multi-door cross docking problems. Park (2015) invented
a partial backordering inventory model where purchasing of products have an important role.
Kusukawa and Alozawa (2015) approached an optimal operation for green supply chain with
quality of recyclable parts and contract for recycling activity. Sarkar and Moon (2014) devel-
oped an improved quality and reduced setup cost with variable backorder costs in a production
process with imperfect quality.

The effect of degradation of items in the inventory model was first studied by authors Ghare
and Schrader (1963). An EOQ model with deterioration with Weibull distribution was later
discussed by Covert and Philip (1973). Misra (1975) and Shah (1977) respectively proposed
an optimal production lotsize model and an order-level lot size model for a system with de-
teriorating inventory. Economic ordering policy with deterioration over infinite time horizon
was developed by Goyal (1987). A literature survey on continuously deteriorating inventory
model was done by Raafat (1991). Inventory models with different types of deteriorating rates
was extended in this direction by some researchers like Goyal (1988), Goswami and Chaud-
huri (1991), Skouri and Papachristos (2003), Skouri et al. (2009), Sarkar (2012), Sarkar et al.
(2013), Sarkar and Sarkar (2013), Sarkar and Sarkar (2013), Sarkar (2013).

5.2 Model formulation

In this section, assumptions to develop the mathematical model, model description with some

lemma, and solution methodology are described.

5.2.1 Assumptions

Following assumptions are considered to develop the model.

1. Two-echelon supply chain model is considered with a buyer and a supplier for single-type
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of products.

. For saving buyer’s holding cost, a SSMD policy is utilized for transportation of products

between vendor and buyer.

. As SSMD policy is used to save the holding cost of buyer, thus buyer pays transportation
costs. For SSMD policy, it is assumed that there are some constant transportation costs
and some variable costs. Both constant and variable transportation cost are paid by

buyer.

. Information of the demand and the inventory position of the buyer are given to the
supplier. Production rate is always greater than demand, i.e., P > D such that there are

no shortages.

. The model assumes a SSMD policy, which indicates that the products are produced
within a single-setup which is generally in long-run. Thus, during long-run, any time the

production of defective items may occur.

. The vendor uses autonomation policy (automatically detects the defective item by ma-
chine, no human inspector is needed to inspect the defectiveness of items) to detect the
imperfect production. As a result, if the system moves to out-of-control state from in-

control state, it will continue production of defective items until the whole lot is produced.
. Two investments are considered to reduce setup cost and to improve quality of products.
. A constant rate of deterioration is considered for products.

A SSMD policy for a supplier is developed in this model and the average total cost for the

buyer and the supplier which is minimized. In the proposed model the buyer’s ordered quantity

is manufactured at a time and the manufactured products are delivered in an equal amount

over multiple deliveries after a fixed interval of time. The splitting of the ordered quantity into

multiple lots is in accordance with Just—in—time implementation. The total time span T is

split into two parts say, 17, the production time for the supplier and 75, the non-production

80



!

Inventory

Time

A
¥

Figure 8 Buyer’s inventory position

time for the supplier. T3 is assumed as the time between two successive deliveries. Now, the

individual inventory costs the buyer and the supplier are calculated as follows:

Buyer’s cost function

The buyer’s cost function is comprised of the following relevant costs.

1. Ordering cost = %

2. Holding cost = H;Ab, where A, is the area over which the inventory holds for buyer.

3. Deterioration cost = %

(mF+Vmq)

4. Transportation cost and handling cost = =

81



T

Inventory

< > < >
T,=Q/P=Prod.Time T,=(Q/D-Q/P)
=Non-Prod.Time

< >
Inventory Cycle (Q/D)

Figure 9 Supplier’s inventory position
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From Figure 8 and Figure 9, we obtain

1 D d
- = = 4 = 44
T mq * 2m’ (44)
A g .
and T = 3 [See Appendix C]  (45)

Using above equations, the buyer’s total cost is obtained as

D d q
TC, = (m—q + %) (A+mF +Vma) + 2 [H, + Cud (46)

Supplier’s cost function

Now the supplier’s cost function is comprised of the following relevant costs.

1. Setup cost = %

2. Holding cost = H%AS, where A, is the area over which the inventory holds for supplier.

3. Deterioration cost = %AS

Let y be the number of deteriorating items of the supplier. y can be expressed as y = dA;.
y—+dqT /2 denotes the total number of deteriorating units for the entire supply chain. With the
following expressions () = mq + y and t; = % and assuming the initial and the total inventory

for the supply chain, one can obtain

dqT dT

S 0205 P — D).

vt 5p12Da+ (mg +y)( )}

Hence,
y
A, = 2
i d
D m—-1 Dm
- qT(f*T—ﬁ) 47

Considering an investment for quality improvement and setup cost reduction, the capital in-
vestment function is assumed as a logarithmic function as suggested by Porteus (1986). I5(6),
investment to reduce the out-of-control probability 6 is given by

L(0) = bln(%) for  0<6<6,
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It is to be noted that lower value of the probability 6 gives higher value of quality level, where
Oy is the initial probability that the production process may go to out-of-control state and
b= 1/§, where § is the decrease of percentage in #/dollar increase in Iy(0).

Now Ig(.S), the investment for setup cost reduction is expressed as

Is(S) = Bln(%) for  0<S<S

where Sy is the initial setup cost, B = 1/A, A is a decrease of percentage in S/ dollar increase
in I S(S )

Thus, the total investment in quality improvement and setup cost reduction is obtained as
1(0,S) = Ip(0) +Is(S) =G —blnf — BIn S,

where G =blnby + Bln Sy

This model considers a possible relationship between lot size and quality by incorporating a
quality-related cost. In an imperfect production process, there is a certain probability 6 that a
system may go to out-of-control state. 6 is provided and considered to be very small and close
to zero. Once the process goes to out-of-control state it starts producing defective items and
continues to do so unless the entire lot is produced. In such a situation, the expected defective
units in a production lot size @) is approximated to be QTze (for more details [See Appendix A]).

Again it is considered s as the cost of replacing a defective item. Thus, the expected annual

defective cost is *0¢ [mq + 22}311%2(1 (B+z=1— g—;”)] (for more details [See Appendix B]).

Therefore, the supplier’s total cost function is obtained as

D d D m-—1 Dm
TC, = (1o + 3m) S+ 0l +Cad) (5 + 5= =55
sD@ 2mdq*> (D m—1 Dm
—blnf — Bl — — = — — — 4
+ oG n n.s) + 5 {mQ+2D+dq<P+ 5 2P)] (48)
The integrated inventory cost for the entire SCM is obtained as T'C}, + T'C|
D d q
TCO,m,q,8) = (m—q + %) (A+S+mF +Vmg)+ 3 [(HB + Cyd)
+ (" +Cd)(w+m—l>]+a(G—b1n6’—BlnS>
s d P
0 2mdq®> (D m—1 Dm
D— — = — — — 4
e Q[mq+2D+dq (P+ 2 2P)] (49)
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for 0 <0 <6y and 0 < S < Sy, a being the fractional cost of capital investment (e.g., the rate

of interest).

5.2.2 Lemma 1

If 0%, m*, ¢*, S* are the optimal values of 0, m, ¢, S, then TC(0,m, q,S) is global minimum
solution at 6%, m*, ¢*, S* if the constraints 0 < 6 <y and 0 < S < .5; are relaxed.
Proof
For the global minimum solution of the total cost function the principal minor should be
positive definite. For that purpose, the principal minor has to be greater than zero at the point
where the first order partial derivatives with respect to 6,m,q,S equal to zero.

Differentiating T'C' partially with respect to 6,m,q,S, respectively, one can obtain

orc _ab n sD n 2mdq? D N m—1_Dm (50)
90 6 2 "™ oprd\P T 2 2P
oTrcC D d D d
CAh O F S N2
o (m2q+2m2)( +S+m +qu)+<mq+2m)( +Vyq)
q D sD# 2dq? D m-1 Dm 2mdq? (1 — %)
* 2{<H3+0‘ld)<1 P)]+ > 7"\ P 2 " 2p )T 2b+dg
T D D d
orc = ——2(A+S+mF+qu)+<—+—>Vm
dq mq mq 2m
1 2—m)D
sDO 4mdg 2md?q? D m—-1 Dm
+ e (o worar) (74T oy
orcC D d B
—= = (—+5-) (3 2
oS <mq * 2m> a(S) (52)
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To find optimal values of decision variables, the values of 8{{60, %Tmc, agqc’ % have to be set to

zero. One has the following expressions.

2b
0 = 2mdg? i 1 D (53>
sD [mq + 2D+zlq (F +5 - Q_m)]
3
m = ¢2 m’g; (54)
o
P1
q = (55)
\/p4 +mpp{1 + 2ipUba)
2aBmg
S = brdg %0)
where,
q D sD?0q dq
— 1 \(H 1- = it “d
¢ 2{( S+Cdd)( P)}+2D+dq< )
(2D +dq)(A+95)
b = ).

3 D sDOdq?
o3 = \1—5 ||+
2 P 2D +dq

D
p = —(A+S+mF)
m

B sDO
P2 = 5
B D+m—1_Dm
b= \P T 2 2P
1 2 D dV
P4 = §|:(HB+Cdd)+(Hs+Cdd){( Pm) +m—1} +7

Now, the Hessian matrix H are calculated as follows:

[ o2rc  o2rc ?rc  o*rC |
062 800m  00dq  909S
92TC  9*1rC  9*TC  9*TC

2
H = omaoo om omdq OmoS (57>
82TC  92TC  92TC  9°TC
0qo0 dqOm 0q? 0q0S
9*TC  9*TC  9*TC  9*TC

95060 9SOm 9Sdq 052

Where TC' =TC(0,m,q, S).

Now, we evaluate principal minors of H.
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The first principal minor of H is

b
’H11| = Oéﬁ >0
The second principal minor of H is
ol = | "
22| — sDOdg?(1—2
x3 %(%‘F%)(A‘FS)‘F%
ab| 2 (D d sDOdg* (1 — 2)

= —|—=|=+2)(A+S Lol —23>0 58
62 [m3(q+2)( T Sep g | %7 (58)

as 6 is very small and it is in the denominator with square power. Thus, the 1st term of the
expression is a large positive quantity than the 2nd term of the expression, even though it is in

power two. Hence, for small value of 8, i.e, the small value of out-of-control probability, Hys > 0.

The third principal minor of H is

‘;—é’ I3 T2
\H33’ = r3 x4 &
T2 &1 T
ab 9
= 5(374551 — &%) — w3(xswy — 2261) + w2381 — 2aT4)

ab
Hss = xo(23& — woxy) — & (ﬁfl + H22>
b
> 2x9w3€) — 1574 — 3—25%
ab
— [(oana + 2na0ay + €] - |a3ad 42 + (14 Y

— (ama+ )" - [+ o) + (14 Y

> 0
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[See Appendix E]

The forth principal minor of H is

>

>

25 X3 T2 0

xr3 T4 51 Ts

| H 4]
Ty &1 T T
0 T Tg (?49_]25’
Z%) T3 T2 3—5 T3 T2
aB
Ts| 19 & T | —Te| w3 x4 & |+ §H33
0 I5 Tg 0 I5 Tg
ab aB
§[2§1x5x6 — 1122 — T47) + [737E — 223707675 + T3TE] + §H33
aB ab
§H33 + (xow5 — $35E6)2 - E[mﬂﬁg + $490§ — 281 0576]
R P S o
(zow5 — T3256) 02 [§125 + &2 — 281 2526]
ab
(w915 — T326) — ﬁﬁl [22 + 22 — 2257¢)
ab
(9325175 - 5U3356)2 - ﬁgl (355 - 5176)2
[See Appendix F| (59)

Thus, the total cost function has the global optimum solution at optimum values of decision

variables if the conditions are satisfied.

5.3 Numerical results

The buyer is staying in urban areas whereas the supplier is staying in rural areas, thus the

holding cost of the buyer is huge comparing with supplier. This is the reason to use more holding

cost for numerical experiment. This type of model can be managed easily by the SSMD policy.
The numerical data is taken as follows: A = $10/ order, P = 100 units/year, Sy = $100/batch,
H, = $4000/unit/year, H; = $6/unit/year, D = 40 units, d = 0.02, F' = $50/delivery,
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V' = $1/unit, Cy = $50/unit and we consider the numerical data b = 10, B = 4800, 6, = 0.02,
a = $0.1/year, s = $10/defective unit.

Then, the optimal solution is T'C' = $6297.31/year, m = 2,5 = $28.18/order, ¢ = 1.17
units, 6 = 0.0021.

5.3.1 Special case 1

A special case arises when the rate of deterioration is considered to be zero. From the following
Table 5.1, we see that the single-supplier-single delivery (SSSD) policy is less favorable over
SSMD policy as the cost increases for SSSD policy. Results are given in Table 5.1.

Table 5.1

Study for non-deterioration case

Total cost | Lot size | Number of | Setup cost 0
deliveries

6297.31 1.17 2 28.17 0.0021

5.3.2 Special case 2

A special case arises when the model follows a single-supplier-single delivery (SSSD) policy
instead of SSMD policy then the total cost of the supply chain model is increased and it is given
in Table 5.2. The values indicate that SSMD is more beneficial than SSSD for this model.

Table 5.2

Study for SSSD case
Total cost | Lot size | Number of | Setup cost 0

deliveries

6342.83 1.22 1 14.65 0.0041
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5.3.3 Sensitivity analysis

This section performs sensitivity analysis of this model. This analysis gives clear idea about
the behaviour of parameters over the cost function. It can also be found out which parameter

is more sensitive to the cost. The analysis is given in Table 5.3.

Table 5.3
Sensitivity analysis for key parameters
Parameters Changes of TC Parameters Changes of TC
parameters (in %) | (in %) parameters (in %) | (in %)
-50% —5.29 -50% —0.01
-25% —2.19 -25% —0.007
So +25% 1.70 d +25% 0.007
+50% 3.09 +50% 0.01
-50% —7.47 -50% —0.007
-25% —3.31 -25% —0.003
S +25% 3.73 Cy +25% 0.003
+50% 7.47 +50% 0.007
-50% —1.67 -50% —0.02
-25% —0.83 -25% —0.01
A +25% 0.82 H, +25% 0.01
+50% 1.64 +50% 0.02
-50% —18.73 -50% —0.32
-25% —8.74 -25% —0.16
F +25% 7.88 \Y +25% 0.16
+50% 15.12 +50% 0.32

From Table 5.3, the sensitivity of key parameters can be observed easily.
e The negative sensitiveness of setup cost parameter Sy is more sensitive than the positive
sensitiveness parameters. But it is more sensitive in negative percentage change than positive

percentage change. From this observation, it can be found that if setup cost is reduced, total
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cost is reduced.

e The parameter s is almost same sensitive with respect to the total cost. Negative percentage
change and positive percentage change are almost same. Decreasing this cost, total cost can be
reduced effectively. In reverse, if this cost is very high, the total cost will be increased gradually.
e The parameter A which stands for ordering cost for buyer is less sensitive with respect to
other parameters within the cost function. The positive and negative percentage change are
almost same. If ordering cost is increased, then total cost is increased and vice versa.

e Transportation cost parameter F' is more sensitive in negative percentage change than posi-
tive percentage change. This parameter is most sensitive parameter comparing to others.

e Sensitivity of this parameter is almost same in negative percentage change than the positive
percentage change. When d increases, total cost increases and when d decreases, total cost
decreases.

e The effect of this parameter C,, namely, deterioration cost, is like deterioration rate d. The
negative percentage change and positive percentage change is exactly same. Increased deterio-
ration cost implies decreased total cost and decreased deterioration cost imply increased total
cost.

e This parameter H, is less sensitive with respect to the other parameters. The negative per-
centage change is much effective for total cost compare to other parameters. If holding cost for
supplier reduces, total cost increased reasonably, but when supplier’s holding cost is increased,
total cost reduction is not reasonably decreased.

e The parameter V is not rationally sensitive for total cost. The negative percentage change
and positive percentage change are same for the variable cost/unit for handling and receiving

of order. When this cost increases, total cost increases and vice versa.

5.4 Managerial insights

A two echelon supply chain model was considered in this chapter with single-buyer and single-

supplier under lot-splitting policy. The managerial insights of this chapter are as follows.
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e A capital investment has the ability to reduce setup cost and probability of system failure.
This study suggests managers to invest fund for setup cost reduction and for improving quality
of products.

e For long term agreement, supplier should split the order quantity into a number of small
sub-lots to save the delivery lead time.

e The total supply chain cost is reduced with reduced setup cost and improved quality under

deterioration of products when lot-splitting policy is adopted to deliver products.

5.5 Concluding remarks

The objective of this study was to minimize the cost of the total supply chain while si-
multaneously optimizing lot size, number of deliveries, setup cost, and process quality. Two
logarithmic investment functions for quality improvement and setup cost reduction, respectively
were incorporated in this model. Quality improvement and setup cost reduction played a very
significant role in improving efficiency of businesses and organizations from every sphere by
reducing redundancy in costs and enhancing productivity thereby accounting for the flexibility
of today’s diverse business environment. Any adverse event would have a direct consequence
on the business and customers leading to wastage of time and resource. An accurate expertise
on the approaches of industries and organizations to implement these changes for a sustainable
quality improvement is therefore critical. This model proved the global optimization solution
of decision variables. The model saved almost $7000 per year which is large enough for any
business industry to adopt the policies suggested by this model. A constant demand rate is
one of the limitations of this model. Further research could be done by considering a general
investment function with variable demand. The possible extension of this model would be in-

corporated with delay-in-payments and time-varying deterioration.
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5.6 Appendices of Chapter 5

Appendix A
From Porteus (1986) the expected units of defective items in a lot size @ is
6(1 — 6%
o fu-6%

Asf=1—10is approximately 1, we use the Taylor series expansion of 09 and obtain

) 3 N (]2
09 = MIQ =1 4 (Ing)Q + w
Hence we have the number of defective items
(1 — 69)
- 0T |
B e b L f)Q — WO
n 0
0 0% N2
_o- §9¢ @
0
92 2
e
0
_ 2
2
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Appendix B

The expected annual defective cost is

(o
0Q
sD (1 —1—(In Q)Q — (lné’;zQ?)
0Q
. , A 2
[Since f=1-0=21and 09 =9 =21 4 (In6)Q + (n ?Q]
sD Q,Q — 2Q2
= sD — < 26 )

0 (0 W)
= sD—sD( )

~ sDoQ

2

~ sDf 2mdq? D+m—1_D_m

- 2 "M opra\P T2 2P
Appendix C

The delivery lot size q, expressed as ¢ = = + D753 is divided into two components: = and
DTj3. x being the number of deteriorating units during 73 and D73 for consumption.
For smaller rate of deterioration square and higher powers of it can be neglected. Hence,

during time interval T}

Tsdg
€T g
2
and
T d T
q = —(D+—q) as — =13
m 2 m
Now
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implies

ie.,

q mq D

2 ar d

Again, the total deterioration of the buyer is obtained as
dA, = mq— DT

which implies

(mq — DT)
ie.,
Ao
T 2
Appendix D
Differentiating (46) partially with respect to 8,m,q,C, respectively, one can obtain
o’TC 0
0Co6
o’TCe D d
acom (m_2q T ﬁ)
0*TC B D
9Cag ~  mg?
0’TC B B
ocz T Yen

Differentiating (47) partially with respect to 8,m,q,C, respectively, one has

o*TC b

I

oPTC sD 2dq? D m—-1 Dm 2mdq? (1 — %)

200m 2 Q+2D+dq(F+ 2 _2P> 2D + dg ]_“’
o*TC sD dmdq 2md?q? D m-—1 Dm

g — 2 [m (2D+dq - (2D+dq)2> <F ey ﬁ)} =
0?TC

sgoc
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Differentiating (48) partially with respect to 0,m,q,C, respectively, the partial derivatives are

obtained as follows:

o*TC
omaoe
o*TC
om?
o*rcC
omaoq

*’TC
omoC

sD

P 2 2P 2D + dg

2
2 (D d sDdg* (1 — )
ﬁ<3+§)(A+C)+ 22D +dg)

2dq? D m—-—1 Dm 2mdq? (1—%)
q+zp—+dq(—+ - >+ -

D 1( D
A+ CtmF £ VmF) + 5 <1 — F) (H, + Cad)

4d 2dq? D -1 D 2mdq (1 — 2
ke P IS = D,ym-1_Dm\ 2mda(l-3))
2 2D +dq (2D + dq)? P 2 2P 2D + dgq

(D N d
m2q  2m?

sDO

Differentiating (49) partially with respect to 6,m,q,C, respectively, the partial derivatives are

obtained as follows:

o*TC sD 4mdq 2md?q? D m—-1 Dm

= m+ - St — - ]| ==
0q00 2 2D +dq (2D + dg)? P 2 2P
o*TC D 1 D

A F Fy+-(1—-—=)(H

adm m2q2( +C+mF+Vm )+2( P)( s+ Cyd)

sDO N 4dq 2dq? D Lm= 1 Dm N 2mdgq (1 — %) _¢

2 2D +dq (2D +dq)?) \ P 2 2P oD +dg |
0*’TC 2D 8sD30md
— —(A+C F)+ —— =
o mqg( +C+m )+(2D+dq>3 T,
o*TC D
0qoC mq?
Appendix E
The third principal minor of H is
049% 0 %
[Hss| = 0 (2 +HA+0) ez (A4 O) + 52 (Hy 4 Cad)
2 P (A+C)+ ER(H, + Cad) 2L (A+C+mF)
2D 2 (D d
S A | Fy—(—+=|(A
7 { mq3( + O+ mF) (q +2)( +C)
D P—-D 2 sD\N2 2 /D d
= (et O+ e Cal)) b= () s (L + ) A+ o)
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which can be written in the form

%(%5)“‘ C){‘;f Z(D)(A+C+mF) (%)2}

vabr D P—-D 2
_<_9 |:m2q2(A+C>+ o5 (s +Cdd)D
is of the form z * y — 22. In order to prove z *y — 22 > 0, we show that z > z and y > z, where
2 /D d
ab 2D s2D?
y = ﬁ—(/H—C—l—mF)
Vab D P—-D
= — A H d
z p (m2q2( +C) + 5P (Hs+ Cyq ))

First we show that x — z > 0.

ab [ 2D 2 D d
92( SA+C o mE) (4 5)(A+C)
_ (mlng (A+C)+ PQ_PD(HS + Cdd)) )

()3 (2

= % <§+g) (A+C) (2@219)2<A+C+mF) S2fQ>

-5 (a0 U, +cdd>)2

ie. % (gﬁg) (A+C) > @ (mﬂq(A—l—C’H—% (1_2) (H8+Cdd)>

. 1(9#1) (A+0)+ ﬁ’(l—g) <Hs+cdd>>@(3<f1+0>)

m3\q 2 20 P 0 mq

It is always true for any positive optimum value of decision variable.

Now we show that y — z > 0.

{\/_QD

02 mgq3

P—-D
2P

(A+C+ F)} 5D —{\/_b(mz S(A+C) +

- . (H, + Cad)) } >0

Substituting the value of m? the above expression takes the form

Jab [(H,+ Cyd)(P — D) [\/ab2D (A+C +mF) 4D +qd [(H,+ Cyd)(P — D)
0 P(2D + qd) [9? VA+rC 2 P(2D + qd) }
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Then y — 2z > 0 if and only if L—E (ATCtmF) _ 4D4qd  [HACad)PoD) o, ()

q VA+C 2 P(2D+qd)
Appendix F
The forth principal minor of H is
s 0 sD 0
| Hyl 0 (2 +5)(A+C) E(A+C) + 2 (Ho + Cad) —(3: + 3%)
44| =
2 i (A+ C) + B2 (H, + Cyd) 2L (A+C +mF) ~L
0 _(%14_#) —quz a%
br2 /D d 2BDa D? D
B aﬁ[ﬁ<g+§>@4+0)< 302(A+C+mF) m2q4>_<m2q2(A+C)>
P-D aB - D D /D d
+ (s +Odd)){02[ 2q2(A+C)+ 55 (Hs+(]dd)}—m_q2<ﬁ+ﬁ)}
D D[ D P—D
B2 P ey PP
D 2D(A+ C +mF) sD\2 D d\N2 aB2/, D
* (m 2m2)< mq3 )H—i_(T) [(m_quLﬁ) _5E<W

+ %)(%H o)

To show that the fourth principal minor of H is greater than 0, we consider parts of it and

solve them separately. Let us first show that <3££C°; (A+C+mF) — ) > 0.

D {QBQ(A—l—C—i—mF) D}
mq? C? mq

which is greater than zero if and only if {w — mﬂ} >0
q

Now we show that { — 2B [m%qQ(AJr C) + 52 (H, + Cdd)] — (D - #)} > 0.

C? m2

Substituting the value of m? in the above expression, one can obtain

D(H; + Cyd)(P — D) B aB(P — D)(Hs + C’dd){ D n l}
mP(A+ C)2q c2p 2D +qd 2
(Hs + Cyd)(P — D) { D _ aB(4D +qd) }
B 2P mq(A+C)  C?*(4D + 2qd)
. . . . D aB(4D+qd)
which is grater than 0 if and only if {mq(A+C) — CQ(4D+2‘2d)} > 0......

Now, we show that m%z{D(AJ“f) + (P_D)(Hs+0dd)} _ L{ <2 + gl) (M)} > 0.

m2q 2P m?2 q 2 mg3
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Substituting the value of m? the above expression takes form

Lot B [QDIJ)r 7 G + Aﬂfoﬂ

Pmg?

which is greater than 0 if and only if 2D+d ( + %) > 0.

2
Now we show that (m% + L) - %—?%(W + W)(A—{—C’) >0

q 2m?2

(D d ){D d 2aB(A+C)}

m2q  2m?) \m2q ' 2m2 C?m

which is greater than 0 if and only if -5 <% + %l) 254 4 C) >

oze% 0 %
Hul = = (5;+ 552) | 2 25(A+0) + Z52(H, + Cad) 25(A+C +mF)
0 — (5 + 5%) —?
049% 0 %
+om| 0 HE+HA+C) Ez(A+0)+ ER(H + Cud) | + & Hs
0 —(Z+3%) — 2
= (& +2%) [2[ (B A+ C) + C2L(H, + Cad) ) — 22A20em) (B )|
D

3¢1
+2 (P (B +a%)) |+ B+ 2 |- 2 (B+2) A+ +:8 (B + ) (A+
C) (52) (H, + Cad))

Thus, if we can show

S0 (2+4) + 3| B (A+C) + R (H, + Cud) - PG (24 | >0

4m? q mg3

thUS,H44>O
D—(A+O) (1—2)L(H8+0dd)—;—§,<L+ﬁ>(A+C)—%(m%@+ﬁ>

(A+ o) — szgw) 232213 (A+C) - s %) + (1 - —) gmqz (s + Cad)
=25(A4+0) - B (A+C)—% Dd§+<1 %) 2(Hy + Cad)

— 1 [(H +Cud ) ( g) DA+ C) — 2qu(A 4 C) — AD*mF — quDdF}

miq

2m3

_ [(H  Cadym ( z) —9D(A+C)(D — dg) —2DmF(2D+dq)}

2m3 4

(
= oot [(H + C’dd)m2q2D< ) —2D(D +dq)(A+ C +mF) — 2D2mF} — i (2 + %l) (A+

2m q

C)+ gt <Q+§) (A+C)(1——)(H + Cyd)

q

_ D)) (1= 5)(H, + Cud) - 4]

2m*q
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Chapter 6
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6 Joint effect of price and demand on decision making
in a supply chain management

This chapter deals with a manufacturer-retailer supply chain model with decentralized de-
cisions. Both manufacturer and retailer make their decisions independently. Manufacturer’s
profit depends on decisions made by retailer. Depending on the nature of the purchasing cost
of retailer, this study considers two cases. In first case, retailer’s purchase cost fully depends on
decisions made by retailer and in second case manufacturer determines the purchasing cost of
the retailer independently. Single-setup single-delivery (SSSD) and single-setup multi-delivery
(SSMD) policies are considered for first and second cases, respectively. Retailer obtains the op-
timum selling-price of product to maximize its profit. The customer’s demand is price-sensitive,
whereas the lead time demand is considered as stochastic and supposed to follow a normal dis-
tribution. The distribution free approach is considered for known mean and standard deviation.

In every suburban area, a significant number of small retailers exist, whereas there are a
few number of multiplexes or shopping malls. People use to purchase products from small
retailers or retailers. It basically happens due to the economic status of these regions. The
cost of an item has huge importance to sell that particular product. The price is such sensitive
that customers deny to purchase product, if the price becomes higher than the previous price.
These retailers receive their orders from the manufacturer, but instead of joint collaboration
they make their decisions independently. Thus, manufacturer’s profit depends on the quantity
ordered by the retailer. This research describes a model where manufacturer follows firstly
SSSD policy in order to determine the purchase cost for retailer depending on decisions made
by retailer. In the second case, SSMD policy is taken by manufacturer and it makes an agree-
ment with retailer to improve this supply chain by shortening lead time. The manufacturer
maximizes its profit even if the independent decisions are made by retailer. In this case, the

purchasing cost for retailer is totally independent by decisions made by retailer.
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6.1 Literature review

Selling-price plays an important role for demands of any product. Customers always purchase
products of high quality and longevity, but with fare price. This is obvious that demand of
any product should increase if any highly reliable product can be purchased with low cost.
Accordingly, increasing selling-price can dwindle the demand of a particular product. Whitin
(1955) developed concepts of economic price theory and inventory control. Lau and Lau (1988)
extended the classical newsboy problem with stochastic price-demand relationship. Gallego
and Ryzin (1994) investigated dynamic pricing of inventories, where demand is price-sensitive
as well as stochastic and firm’s objective is to maximize its expected profit. Abad (1996) for-
mulated a dynamic and lot-sizing model for perishable items. Dutta and Paul (2001) analyzed
an inventory system where demand rate was influenced by selling-price as well as stock level.
Teng and Chang (2005) discussed an economic production quantity model for deteriorating
products with price and stock dependent demand. Sana (2011) developed an economic order
quantity model with perishable items and quadratic price-sensitive demand. Chen et al. (2012)

investigated the pricing strategy for the manufacturer and warranty period dependant demand.

6.2 Model formulation

This section contains assumptions to formulate a mathematical model, entire model descrip-

tion, lemmas, and solution algorithms.

6.2.1 Assumptions

The following assumptions are considered to develop this model.

1. Due to the economic background of the people of suburban areas, increasing selling-price
is a important factor of decreasing demand. Thus, we assume that demand is dependent

on selling-price of retailer with the relation D(p) = a — bp — cp?; a,b, ¢ > 0 (Sana, 2011).
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2. Continuous review policy is considered i.e., retailer places an order when the inventory

level reaches to the reorder point.
3. The reorder point r= expected lead time demand+safety stock.

4. Lead time has n mutually independent component with normal duration b;, minimum

duration @;, and lead time crashing cost ¢; for ¢th component and ¢; < ¢ < ... <G,.

5. The lead time components are crashed one at a time. The crashing costs of lead time
gradually increase from the first component then the second and so on. We consider
Ly = Z?Zl l_)j and L; is the length of the lead time having components 1,2, ...,7 crashed
to their minimum duration. L; = Ly — 23:1(53' — @), i = 1,2,....,n. The lead time
crashing cost per cycle is given by C(L) =¢;(L;—y — L) + Z;;ll ¢j(bj —a;), L € [L;, Li_1).
(Ouyang et al, 2004).

6. Shortages are considered and fully backlogged.

Demand of the customer is price-sensitive i.e., dependent on the selling-price of products. We
consider the quadratic price-dependent demand function as D(p) = a — bp — cp® (Sana, 2011)
where a is the customer’s annual demand without price dependency, b and ¢ are ratios of price
which influences the annual demand. The customer’s demand decreases quadratically with the
increase of selling-price of product. The inventory level of retailer gradually decreases with

time, which is equal to demand rate i.e.,

%Z—D(p)za—bp—q?2

which gives Q = D(p)t = (a — bp — cp?)t

The system is continuously reviewed by retailer. When the inventory level fall down to the
reorder point r, an order is placed immediately by retailer such that the expected inventory
level just before and after receipt of the order are r — D(p)L and Q + r — D(p)L, respectively.
Thus, the average inventory of the retailer over the cycle is @Q/2 +r — D(p)L. Total expected
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profit for retailer is

TEP,(Q,r,L,p) = Total revenue — Ordering cost — Holding cost

— Material cost — Shortage cost — Lead time crashing cost

= pD(p) — 4 rpCh (% +7r— D(p)L)

t
— C,D(p) - %E(X )t - @

The above equation can be written as

TERQrLp) = - Do) - 2o —ny ($+r - DL
_ mD(p) _ o+ P)C(L)
5 E(X —71) —0 (60)

Expected shortage can be calculated as

E(X —r)" = /Oo(:v — ) f(x)de = oV L (k), where (k) = ¢(k) — k[1 — (k)] and
¢(k) = standard normal probability density function

®(k) = cumulative density function of normal distribution

In order to optimize the order quantity  and the safety factor k, we consider the total

cost equation for retailer

AD(p) Q

+ r,Ch (— +r— D(p)L) + CbD(p) + WD(p)

D(p)C(L)
Q

As the revenue for the retailer pD(p) is independent of the order quantity and safety

TEC, = oV Ly (k) + (61)

2

factor thus, optimizing the order quantity @) and the safety factor k from (61) is equivalent to
obtaining @) and k from (60). Therefore, taking partial derivatives of (61) with respect to @

and k£ and equating to zero, we obtain

1/2
0 — { 2D(p)[A + wilgwm +O(L) } (62
O(k) = 1- ?gbg)b (63)
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The second order partial derivative of (61) with respect to L is negative

PATC,  nCka  mD(p)oy(k)

oL  4L3/2 4Q)L3/?

Thus, the optimum value of L can be obtained at the end point of the interval [L;, L; 1].
Now, to determine the optimal selling-price of retailer, we consider equation (60) i.e., the
expected profit of retailer. Putting the value of D(p) and taking partial derivative of retailer’s

profit equation with respect to the selling-price, we obtain

OTEP, ) A woVIy(k)  C(L)

= (a — 2bp — 3cp”) + Cy(b+ 2¢p) + (b + 2¢ — + +
o ( p — 3cp”) + Cy( p) + ( D) ( 0 0 0
OTEP, ) )
ap = 0 implies
* :i:\/B%—ZlAlCl—Bl
b 24,
We assume

 _ \/B%—4A101—Bl (64)

P = 2A1
. —/BI—4AC - B
by = 2A1 (65)

where A; = -3¢

31:2{001,—1)4—%}

ba
ClZObb—l—a—l—a

a = A+7moVL(k) + C(L) [See Appendix A]

(66)

6.2.2 Lemma 1

—/B2—4A,C1-B,

For all real and positive values of parameters, p* is always real and positive if p* = A

is chosen, otherwise p* > 0 only if b > ¢(Cj + /@) holds.
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Proof
From (66), A; = —3¢, B —4A,C, = B? + 12c¢C} > 0 for ¢ > 0.

Therefore, the value of p* is always real for ¢ > 0.

—1/3%—414101—31 .
is chosen.

2A1

If b < c(Cyp + a/Q) then, By > 0 gives pj = V/BEH12:C1 4 B < 0.

6c

If b > c¢(Cy+a/Q) then, By < 0. Let By = —B, B € R which results pj = Y¥———— B2H12Ci-B

6c
as v/ B? + 12001 < B2 + 12001 =B+ v 12601 > B.

Case 2: p* =p} = A
If b < c(Cp+ a/Q) then, By > 0 gives p5 = —W < 0as \/B?+12cCy > By.
If b > ¢(Cy + a/Q) then, By < 0 which gives py = VBT 0, assuming B; = —B,

6c
B € R.

Case 1: p* =pj =

6.2.3 Lemma 2

If (Q;,k*,p*) are the optimal values for (Q,k,p) then for fixed L € [L;, L;_1], the optimal
value of TEP,(Q, k,p, L) attains its global maximum at the point (Q;, k*, p*) if the following
inequality holds [rov/ Ly (k*) + 2A + C(L)] > movV/L(1 — ®(k*))Q* > 0
Proof

See Appendix B.
Now, we consider that manufacturer follows SSSD policy to deliver the order quantity to

retailer. In this case, manufacturer’s total profit equation is

TEP,(p,QQ) = Total revenue — Setup cost — Holding cost — Material cost (67)

_ SD(p) QD(p)

= GyD(p) 5P

- Tvcv - CvD(p) (68>

The optimal lot size for manufacturer can be obtained by taking partial derivative with

respect to () and equating it to zero. The optimal lot size for manufacturer is

25P"/?
o.-{Z] (69)
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Clearly, the order quantity for retailer must be equal to the lot size produced by manu-

facturer. In order to determine the purchasing cost for retailer, we equate Q); = @, which
gives
r,CoD(p)a
c; = CDlp)a (70)
TbP S

The manufacturer’s total profit can be obtained by substituting values of the decision

variables of the retailer’s in the manufacturer’s profit function i.e.,

_SDp)  r.C.Q D)

TEP,(Q;,Cy,p*) = CyD(p*) 0" 2P

Now, we investigate if manufacturer follows the SSMD policy to deliver the lot to retailer.
This policy suggests manufacturer to produce integer multiple of retailer’s ordering quantity in
single-setup to reduce the setup cost. In this case, manufacturer determines the purchase cost

for retailer of its own. The total profit equation for manufacturer is

TEP,(Q,Cy,p,m) = CyD(p) — Snlzg)) — TUQCU [m ( — @) -1+ %@} Q — C,D(p)(72)

Again, substituting values of decision variables of retailer in manufacturer’s total profit
equation for SSMD policy, the maximum profit for the manufacturer can be obtained, when

the following inequality holds
TEP,(Q;,Cy,p*,m —1) <TEP,(Q;,Cy,p",m) >TEP,(Q;,Cy,p*,m+ 1)

The following algorithm is used to obtain solutions of the both SSSD and SSMD model

with normally distributed lead time demand.

6.2.4 Solution algorithm 1

Step 1 Set m =1 and for each L;, « = 0,1, ...,n perform the following Step la-2e.
Step la Set k;; = 0 and obtain ©(k;1), ¢(ki1), and ® (k).
Step 1b Compute Qp; from (62).
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Step 1c Compute ®(k;2) from (63) and hence obtain k;» from normal table.

Step 2 If b < ¢(Cy, + a/Q) then,

Step 2a Compute p;; from (65) and Cy;; from (70).

Step 2b Repeat Step 1-2a until no changes occur in the values of Qy;, k;, p;, and Ch;.
Step 2c Compute TEP,(Q;, ki, pi, Chi)-

Step 2d Obtain max;—o 1. T EPy(Qs, ki, pi, Cpi), the maximum profit for the retailer and the

.....

optimal reorder point is r* = D(p*)L* + k*ov/ L*.
Step 2e For SSSD policy, obtain TEP,(Q7, p;, Cy;) from (70).
Step 2f For SSMD policy set m = m + 1 and obtain TEP,(Q}, pi,m).
Step 2g If TEP,(Qf,pi,m) < TEP,(Qf,pf,m — 1) go to Step 2f otherwise go to Step 2h.

Step 2h Set TEP,(Q},pi,m*) = TEP,(Q!,pf,m — 1), the maximum profit for the manufac-

turer.
Step 3 If b > ¢(Cy, + /Q), compute p}; from (64) and p? from (65).

Step 3a Repeat Step 1-1c and Step 3 until no changes occur in the values of Qy;, ki, ply, and

2
Pi1-

Step 3b For both p};, and p? execute Step 2a-2d.

.....

----------

6.2.5 Distribution free approach

The idea of distribution free approach comes into light when difficulties occur for finding the

information about demand information during lead time. This procedure is applicable when
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no information about the lead time demand distribution is available except known mean and
standard deviation. We consider a distribution function (d.f.) F for the lead time demand
in the class G (say) of d.f’s with the finite mean D(p)L and standard deviation ov/L. This
approach suggests to figure out the least favorable d.f. F'in G for each of the decision variables
of retailer such that the value of the retailer’s total profit should be minimum. The following

Lemma is used to estimate the expected shortage.

6.2.6 Lemma 3

For any F' € G the following inequality always holds

E(X —r)* < %a\/z[\/l Tk — k.

Moreover the upper bound of the above inequality is tight (Gallego and Moon (1993)).

Using the above inequality, retailer’s total cost equation can be written as

TEC{(Q, k,p,L) = Alz;p) + 7, Ch <% +r— D(p)L) + CyD(p)
+ “Z;p)gmm —k)/2+ % (73)

Using the inequality of Lemma 3, the above cost equation attends the worst possible
distribution of lead time demand i.e., maximum cost and accordingly it makes the total profit

equation for retailer attains its lowest profit. Thus, the total profit equation for retailer

TERQEn L) = (0= CDW) - [F2 + 1 (§ + 7= DOIL) + D)
+ —”%(p)amm —k)/2+ —D(ng(L)] (74)

has its minimum value for each (Q,k,p, L). Therefore, the problem reduces to obtain the
maximum value of the above equation for each of decision variables (Q, k, p, L).

According to the normal distribution case, using the similar method, optimal values of @
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and k£ can be written as

5 1/2
o — {2D<p>[A + mmfg B~ H/2+ C(L)] } (75)
k - 1_ 2QTbe (76)

V1 k2 mD(p)

Taking partial differential of the retailer’s profit equation with respect to the selling-price

and equating to zero, the optimal selling-price for distribution free case is

+./B2 —4A - B
T 2 oA 2C 2 [See Appendix C] (77)
2

p

6.2.7 Lemma 4

For all real and positive values of parameters, p* is always real and positive if p/* =

—V 33_242202—32 is chosen otherwise p/* > 0 only if b > ¢(C}, + 5/Q) holds.

Proof

The proof similar as Lemma, 1.

We assume

VB3 —4A,Cy — B
p{* _ 5 2C 2 (78)

24,

—/ 322 - 4A202 - BQ (79>

2A,

py =

Now, for SSSD policy the purchase cost for the retailer and the manufacturer’s profit

equation can be calculated as

r,CoD(p)
T’bPS

and TEP,(QI* ¢l p/*) = cl"D(p™)

cl (80)

_SDE")  r,C.Q*D(p")

QF 2P - CUD(pf*) (81)

Similarly, for SSMD policy the total profit for manufacturer is

TEP(QP.CY i) = ¢l D) - 200
2 [m (1 —p ) 1+t —5—| Q" = C.DE)(82)



The optimal profit for the manufacturer can be obtained as

TEP,(Q*,Cf*, p'*,m —1) < TEP,(Q]*,C{* p'*,m) > TEP,(Q{* CI*, p’*,m + 1)

6.2.8 Solution algorithm 2

The following algorithm is used to solve the model for distribution free case
Step 1 Set m =1 and for each L;, © = 0,1, ...,n perform the following step la-2e.
Step 1a Set k;; = 0.
Step 1b Compute Q{;l from (75) and k;y from (76).
Step 2 If b < ¢(Cy + a/Q) then,
Step 2a Compute p{l from (79).
Step 2b compute Cf,, from (80).
Step 2c Repeat Step 1-2b until no changes occur in the values of Q{i, ki, pzf , and C’lfi.

Step 2d Compute TEP,(Q!, k;, p!, szz)

.....

optimal reorder point is r* = D(p/*)L* + k*o/L*.
Step 2f For SSSD policy, obtain TEP,(Q!*, p/*, C/*) from (81).
Step 2g For SSMD policy set m = m + 1 and obtain TEP,(Q!*, p/* m).

Step 2h If TEP,(Q!*,p/*, m) < TEP,(Q!*, p/*,m — 1) go to Step 2g otherwise go to Step 2i.

Step 2i Set TEP,(Q/*, p/*,m*) = TEP,(Q!*,p/*, m — 1), the maximum profit for the manu-

facturer.

Step 3 If b > ¢(Cy + /Q), compute p){ from (78) and p> from (79).
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Table 6.1

Lead time data

Lead time Normal Minimum Unit crashing
component duration duration cost

i b; (days) a; (days) ¢ ($/day)

1 20 6 0.4

2 20 6 1.2

3 16 9 5.0

Step 3a Repeat Step 1-1b and Step 3 until no changes occur in the values of Q{;, k;i,pilf, and
Py

Step 3b For both p)/, and p?/ execute Step 2b-2e.

.....

----------

6.3 Numerical results

Example 1

We consider the following example to illustrate the SSSD model with X, having normal
distribution. The values of parameters are a = 1500 units, P = 2000 units, A = $750/order,
S = $800/setup, r, = 0.8/unit/unit time, r, = 0.12/unit/unit time, C, = $19/unit, 7 =
$40/unit, o = 12 units/week, b = 5, ¢ = 0.1. The lead time data is given below.

Using the above parameter values the SSMD policy is not satisfied. To validate this policy
the setup cost for manufacturer must be high. Thus, we use the following parameter values
a = 1000 units, P = 2000 units, A = $4900/order, S = $5000/setup, r, = $0.7, r, = $0.35,
C, = $12/unit, 7 = $90/unit, o = 4 units/week, b = 1, ¢ = 0.01. The lead time data are same.
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Table 6.2

Variable purchase cost for SSSD policy

D(p)

Q

k

Chy

TEPF,

TEP,

S o oo |~

613.84
614.38
612.01

458.89
458.85
458.82

1.355
1.356
1.350

72.39
72.36
72.49

39.11
39.05
39.33

18067.86
18131.43
17980.58

10207.69
10181.03
10304.13

Table 6.3

Fixed purchase cost for SSSD policy

D(p)

Q

p

TEPR,

TEP,

T S S N S N N O N N .

25
30
35
40
45
20
95
60
65
70
75

729.67
690.21
649.07
606.22
561.56
514.98
466.38
415.56
362.27
306.08
245.47

623.51
555.00
499.63
452.96
412.31
375.89
342.44
310.962
280.60
250.46
221.84

1.521
1.458
1.399
1.343
1.287
1.229
1.169
1.104
1.032
0.947
0.829

66.26
68.40
70.57
72.79
75.05
75.35
79.70
82.09
84.55
87.09
89.76

28125.77
24377.60
20850.21
17548.79
14479.96
11651.53
9092.29
6752.13
4702.33
2936.16
1471.81

1712.97
5141.67
8113.57
10616.51
12631.09
14132.90
15093.12
15477.82
15245.53
14341.13
12654.38
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Table 6.4

Fixed purchase cost for SSMD policy

Cy

3

D(p)

Q

k

TEP,

TEP,

70
75
80
85
90
95
100
110
120
130
140
150

NN NN NN NN NN
N > T N -

478.66
467.95
457.04
445.93
434.62
423.09
411.34
387.30
362.12
335.83
308.28
279.24

443.38
423.81
405.83
389.18
373.67
359.13
345.43
318.77
259.55
273.93
253.42
233.60

0.668
0.631
0.594
0.558
0.552
0.486
0.449
0.379
0.265
0.221
0.131
0.030

183.74
186.02
188.32
190.64
192.98
195.34
197.72
202.53
207.46
212.52
217.72
223.09

43448.78
40693.83
38009.85
35396.54
32853.84
30318.89
27980.97
23475.30
19182.89
15188.51
11501.79
8135.02

21918.74
24940.25
26558.71
28053.96
29423.13
30663.05
31770.29
33578.79
34808.70
35412.80
35354.28
34565.44

Example 2

We consider same parametric values for SSSD and SSMD policy as assumed in Example 1

for distribution free case. Solutions are summarized in Table 6.5.

The following table indicates the optimal results for retailer and manufacturer for SSSD

policy.

e Both manufacturer and retailer can earn profit if the manufacturer determines the purchasing

cost for retailer depending on retailer’s decisions.

e From Table 6.3 and Table 6.6, it can be found when manufacturer increases the purchasing

114




Dernand

600

700

600

500

400

300

200 : :

20 30 40 50 60 70
Purchasing cost

Figure 10 Purchasing cost versus demand

Table 6.5

Variable purchasing cost for SSSD policy

Dip) | @ k p | C | TEP, | TEP,
566.86 | 458.82 | 1.268 | 74.78 | 44.23 | 14657.33 | 12321.37
574.13 | 458.82 | 1.295 | 74.42 | 43.46 | 15183.46 | 12038.75
579.60 | 458.83 | 1.317 | 74.14 | 42.86 | 15606.21 | 11811.51
576.02 | 458.82 | 1.302 | 74.32 | 43.25 | 15371.75 | 11962.68

w B~ O 0o | ™
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Figure 11 Purchasing cost versus profit by single-setup single-delivery policy
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Figure 12 Purchasing cost versus profit by single-setup multiple-delivery policy
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Table 6.6

Fixed purchasing cost for SSSD policy

Cy

D(p)

Q

k

p

TEPR,

TEP,

W W W W W W W W ol |

25
30
35
40
45
50
60
65
70
1)

729.07
689.46
648.06
605.03
560.16
513.36
413.33
359.64
302.92
242.15

662.19
590.76
537.38
487.68
44427
405.25
335.32
302.37
269.44
235.11

1.714
1.585
1.465
1.364
1.271
1.181
1.002
0.907
0.803
0.681

66.29
68.74
70.63
72.85
75.12
77.43
82.20
84.67
87.23
89.91

27995.04
24236.79
20703.15
17398.48
14328.63
11501.38
6611.37
4570.24
2815.95
1366.22

1659.03

5102.62

8080.82

10591.86
12609.85
14110.09
15433.84
15178.82
14239.23
12520.49

Table 6.

7

Fixed purchasing cost for SSMD policy

D(p)

Q

k

TEP,

TEP,

W W W NN NN N NS

W oW W W o A e e

70
80
90
100
110
120
130
140
150

478.55
456.93
434.50
411.23
387.34
361.81
335.51
307.94
278.90

445.45
407.57
375.10
346.56
320.93
297.64
275.71
254.89
234.76

0.567
0.497
0.431
0.367
0.304
0.238
0.171
0.099
0.017

183.76
188.34
193.00
197.74
202.58
207.52
212.58
217.78
223.15

43443.88 | 23199.43
38009.19 | 26556.43
32857.44 | 29420.11
27988.68 | 31766.35
23405.80 | 33566.84
19114.23 | 34786.78
15121.41 | 35440.11
11436.40 | 35426.96
8071.37 | 34673.71
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Table 6.8

Optimal results for SSSD policy

Case L| G D(p) Q k P TEP, TEP,
Normal 6 | 39.11 | 614.38 | 458.85 | 1.356 | 72.36 | 18131.43 | 10181.03
Distribution free | 4 | 579.69 | 458.83 | 1.317 | 74.14 | 42.86 | 15606.21 | 11811.51

cost, the selling-price of product becomes higher which results downfall of demand. In this
case, retailer’s profit decreases and manufacturer’s profit increases. But, after a certain amount
of the purchasing cost, manufacturer also face decrease in profit. This happens because of a
major fall in demand of that particular product due to high selling-price.

e Manufacturer should fix the purchasing cost at such an amount that the difference between the
profit of both parties should minimum. Table 6.3 shows when manufacturer fixes the purchase
cost at $45, the difference between the profits at both ends is minimum.

e From Table 6.4, when SSMD policy is followed by manufacturer, the fixed purchasing cost
is $95 for which the difference between profits is the lowest. The crucial thing is that, by
SSSD policy, for same profit for retailer ($30381.89), manufacturer can increase its profit upto
$30663.05 instead of $28907.09.

e Retailer’s total profit for distribution free case is less than that of normal distribution case.
This is obvious because the most unfavorable distribution function is used for the distribution

free case.

6.3.1 Sensitivity analysis

Key parameters A, S, rp,, and r, are varied over -20% to +20% and changes on total profits
of buyer and vendor are analyzed individually. The sensitivity of total profit with changes of

key parameters are given in Table 6.9.
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Table 6.9

Sensitivity analysis

Parameters | Changes | TEP, | TEP, || Parameters | Changes | TEP, | TEP,
(in %) (in %)

—20% | +21.20 | —27.52 —20% | —16.90 | +19.63

—10% | +9.98 | —12.50 —10% | —8.84 | +11.10

A +10% | —9.01 | +10.44 To +10% | 49.83 | —13.19

+20% | —17.08 | +18.97 +20% | +20.90 | —29.01

—20% | —21.12 | +22.23 —20% | +15.37 | —22.89

—10% | —9.76 | +12.23 —10% | +8.00 | —11.66

S +10% | +8.89 | —11.88 Tp +10% | —8.81 | +12.00

+20% | +17.07 | —23.42 +20% | —18.69 | +23.61

6.4 Managerial insights

This chapter deals with decentralized supply chain model with single-manufacturer and single-
retailer under variable price dependent demand. The managerial insights are given as follows.
e In a decentralized decision making system, purchasing cost should be determined by manu-
facturer depending on retailers decision. This technique provides a profitable business for each
party.

e Retailer should always estimate the selling-price of product according to economic condition
of the locality at which the business is running. A hike in selling-price results decrease in

customer demand and manager could experience significantly low profit.

6.5 Concluding remarks

This chapter developed a manufacturer-retailer decentralized supply chain model. Manu-

facturer’s profit was dependent on retailer’s decisions. When manufacturer determined the
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purchasing cost depending on the retailer’s decisions, it was found that both manufacturer and
retailer were gainer. If the manufacturer determined retailer’s purchasing cost independently,
without taking retailer’s decisions into consideration, then either manufacturer or retailer or
both of them would face low profit. In that case, manufacturer fixed purchasing cost such that
the difference between the total profit of manufacturer and retailer would be minimum. Oth-
erwise, uncontrolled increase of purchasing cost might result increase of selling-price of retailer
which decreased the annual demand and hence the revenue also. Thus, the retailer might face
a significant loss. Furthermore, for fixed purchase cost, the manufacturer can also follow SSMD

policy to increase its profit.

6.6 Appendices of Chapter 6

Appendix A
OTEP,
o Y= (a—2bp —3cp?) + Cy(b+ 2cp) + (b + 2ep) (A + 7oV L + C(L))/Q
TEPF,
Now, 0 b= 0 gives
dp
A L L
— 3cp? 4 2¢Cyp — 2bp + 2cp + WU\/_g(k) +C()
b
+ G, + é(A + 7oV Lp(k) + C(L)) +a=0
Let a = A+ noVL(k) + C(L) then,
— 3cp® + (2¢Cy — 2b 4+ 2ca/Q)p + bCy + ba/Q +a =0
Hence, Ap* +Bip+Ci =0
where A7 = -3¢
ac
Bl = Q{ch—b—i—a}
C, = Cyb+ ba +a

Q
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Appendix B
For a fixed value of L, the Hessian matrix for the function TEP,(Q, k, p) is given by

9*TEP, 9*TEP, 9*TEP,

0Q2 0Q0k 0Q0p
H = 0°TEP, 0?TEP, 0?TEP,
0koQ 0k2 0kop
O?TEP, 02TEP, 02TEP,
8poQ dpok dp?

The first order principal minor of H is

D(pr)C(L)
Q*B

2AD(px D(p*
|, __2AD(px) 7wD(p)

Q*,k*,p*) Q*Z Q*3 U\/Zw(k*) —

<0

The second order principal minor of H is

2AD(p*) = wD(p*) o PE")C(L)
|H22|(Q*7k*7p*) — |: Q*3 + Q*S O'\/E’Qb(lf ) + Q*S
ooV - e - TR o ) - 17
Q*Z Q4

We need to show the above equation positive. Thus, it is enough to show that
[ro VL (k") + 2A + C(L)]/Q* — 7oV L(1 — ®(k*)) > 0

The above inequality holds only if
[tV L (k*) + 2A + C(L)] > moVL(1 — ®(k*))Q* > 0

which is the condition for the lemma to be held true.

The second order principal minor of H is

|H33|(Q*7k;*7p*) = [—(2b+6cp) + 2¢(a + Cp)] X |Ha|

7TU\/E(Cb(kf") — 1)2D(p*)a7m\/Z[(b +2¢p™) — (b+ 2cp”)]

Q* Q*4
- a)—i_;—*cfwa[ﬂa\/z(@(k*) —1)% = ag(k*)maVLD(p")
= [2c(a+ Cy) — (20 + 6cp)] x |Hap
(b + QCP*)Q \/_ * 2 * \/_ *
_ T@[WU L(®(k*) —1)* — ap(k™)|mrovV LD(p*) > 0
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Principal minors of the Hessian matrix are of alternative sign which indicates that the
Hessian matrix is negative definite. Hence, the function TEPF,(Q*, k*, p*) attains its global
maximum at the point (Q*, k*, p*).

Appendix C

where Ay = -3¢
c
BQ = 2 {CCb —b + %}
b
CQ = Obb + 6/8 +a

B = A+7oVINVI+k —k|/2+C(L)
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Chapter 7
Distribution free newsvendor model with consignment policy
and retailer’s royalty reduction
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7 Distribution free newsvendor model with consignment
policy and retailer’s royalty reduction

This chapter deals with a single-period newsvendor problem with consignment policy. The
consignment policy is an agreement between any two parties say the consignor and the con-
signee. Both parties carry some parts of holding cost instead of one. An improved policy for
paying the fixed fee to the consignee is introduced. This study considers no specific probability
distribution for customer’s demand except an educated mean and standard deviation. The so-
lution of this model is obtained by using distribution free approach. A comparison between the
traditional supply chain policy and the consignment policy is established. The price sensitiv-
ity on mean demand is analyzed. Some numerical examples and graphical representations are
given for both traditional and consignment policy. The organization has to decide how much
to stock the product in inventory before observing the customer’s demand. In case of demand
uncertainty, stock owner sometimes faces overstock or understock situation. As products are
perishable, overage products begin to deteriorate. At this point of view, there is a significant

economic importance of this kind of problem.

7.1 Literature review

Arrow (1951) developed the formulation of newsvendor problem. Since then, this type of
problem has been gaining the attention of researchers throughout the world. Today, in supply
chain and inventory management problems, newsvendor problem plays an important role for
short-life cycle products like agricultural, dairy products (Cdardenas-Barrén 2001, 2009; Pal et
al., 2015).

Consignment policy is one of the most efficient policies in supply chain management. In
general, two parties are considered namely consignor and consignee. The upstream party (e.g.,
manufacturer) is referred to the consignor and the consignee denotes the downstream party
(e.g., retailer). Consignment stock is an inventory which is retained by the downstream party

but upstream party holds the ownership of this inventory. No fund transfer is to be taken
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place until and unless an item is sold from the retailer’s stock. The retailer receives per unit
commission per each sold item, which is deducted from the revenue and the rest part is trans-
ferred to the manufacturer. The manufacturer also agrees to pay a fixed fee to the retailer.
As the retailer’s space is used to stock the inventory, the holding cost is divided between the
both parties. According to Chen and Liu (2008), the inventory carrying cost for the retailer is
reduced to 8% to 18% in case of consignment contract from 20% to 36% in case of traditional
system.

In make to order policy, to satisfy customer’s demand, manufacturer must produce goods
in case of insufficient inventory and deliver these to the retailer (Mahajan et al., 2002). Ac-
cording to Valentini and Zavanella (2003), inventory carrying or holding cost mainly consists
of two components as financial component and operational component. In traditional policy,
total carrying cost has to be incurred by the retailer. Thus, manufacturer does not carry any
inventory cost after delivering the product to the retailer. On the other hand, in case of con-
signment policy, the financial component is incurred by the manufacturer and the operational
component is carried by the vendor (Chen and Liu, 2008). Zhang et al., (2010) introduced the
channel coordination in a consignment contract. Ru and Wang (2010) developed a single-period
supplier-retailer supply chain model with consignment contract regarding the issue which party
should have the right to control the inventory. Adida and Ratisoontorn (2011) investigated
how competition among retailers affects the supply chain decisions and profits under different
consignment contracts.

Corbett (2001) developed a stochastic supply chain model with with consignment stock,
cycle and safety stock along with asymmetric information. Gerchak and Khmelnitsky (2003)
examined a consignment policy where there is no scope to verify the retailer’s sales reports.
Braglia and Zavanella (2003) worked on an industrial strategy for supply chain and inventory
management with consignment stock. Yi and Sarkar (2013) developed an integrated inventory
model under consignment stock policy with the buyer’s space limitation and controllable lead
time. Sarker (2014) worked on a critical review to study the consignment stocking policy on

supply chain management. Hu et al. (2014) studied the impact of consumer return policies
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with inventory control under consignment contracts. Wang et al. (2012) modeled a consign-
ment inventory system with deteriorating items, when buyer has warehouse capacity constraint.

The idea of a newsvendor problem comes into the light following the problem how many
newspaper to stock into the inventory by the newsvendor (Gallego, 1995). The newspaper
becomes obsolete if it is not sold on the day of the publication of the paper. Thus, it is very
tough to make the inventory decisions for the vendor under uncertain demand. The same thing
happens for any perishable item and this types of model can also be applied to them. In gen-
eral, some specific probability distribution (e.g., uniform or normal) is considered for demand
uncertainty. To know this distribution, the manager should use a lot of fund. There should
be a convenient method to reduce this cost if the managerial decisions can be made without

considering any specific probability distribution.

7.2 Model formulation

Entire model description with assumptions, solution methodology with algorithm are elabo-

rated in this section.

7.2.1 Assumptions

Following assumptions and notation are used to develop the model.
1. A single period newsvendor model is considered.

2. No specific probability distribution is considered for the customer’s demand. But the

mean and standard deviation of the demand are known.

3. In traditional policy, total inventory carrying cost is carried by the retailer, while in
consignment policy, the financial and the operational part of the inventory holding cost

are divided into the manufacturer and the retailer, respectively.
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4. The manufacturer pays a commission to the retailer per unit item is sold as well as a

fixed fee.

5. During stockout, for each item the manufacturer or retailer has to face a goodwill loss.

7.2.2 'Traditional policy

In traditional policy, the total inventory carrying/holding cost is incurred by the retailer.
The retailer purchases the total lot from the manufacturer at a wholesale price, retains the
ownership of it, and sells the product to the customer at a selling-price. The manufacturer
takes no responsibility of goods and incurs no cost for holding after delivering items to the

retailer’s end. The retailer’s total profit for traditional system is
s pp—wQ —h%(Q—D)*; D<Q
(p—w)Q—s(D—-Q)"; Q<D

The retailer’s expected profit can be written as

_ _pTs _ .
B(xTS) = pp—wQ —hlPE(Q— D)t D<Q (83)
(p—w)Q—-5ED-Q)" @<D

Distribution free approach
As no assumption for the probability distribution of the random demand D is considered, a
class €2 of cumulative distribution is assumed. We suppose any cumulative distribution function

F of D with mean p and standard deviation o such that F' € (2.

7.2.3 Lemma 1
() B(@Q - D) < S[Va+ (@ P — (1~ Q)] (31)
(i) B(D ~ Q)" < 5 [Vo? T (@ 17 — (Q — ) (85)

Moreover the upper bound of the above inequality is tight (Gallego and Moon, 1993).
Proof
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See appendix A.
Using (84) and (85), (83) can be written as

o2 _N21Y2 o,

E(?T,Ts) (’u + Q) _ wQ hTS { [ + (Q M)2] (:u Q) }

[0° +(Q — )*|'* = (Q — 1)

s { : } (86)
hfs + s, hTS — S

= plu+ Q) —wQ = o 4 (Q - )2 = Q- )

The revenue of the manufacturer is w(@ and the cost incurred by the manufacturer is the

manufacturing cost. The expected profit of the manufacturer is

E(m,”) = wQ — cQ = (w — ¢)Q (87)

In order to maximize the expected total profit of the retailer, we take the derivative of (86)

with respect to Q).

OE(rls RIS + s, _
= RS C R R R
Equating the above equation to zero, we obtain
r 2(p —w) — (KIS — s,
Qr=p+ \/% where T = 2 I]‘;)TS +( . ) [See Appendix B] (88)
Using (88), (87) can be written as
r
E(rrS) = (w—c *:w—c{+a—} 89
(755) = (W= Q) = (w =) |1+~ (59

7.2.4 Lemma 2

For real Q and p > 0, E(xI®) is bounded above and the upper bound is

pl3p—Q — \/02 (Q — p)?

Proof
From (88), we can see that for real Q, I' < 1 must holds which implies I'? << 1 i.e.,
2(p —w) — (b —s,)
hIsS 4+ s,
WS> (p—w) (90)

<1

or,
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Now using (90), (86) can be written as

E(n%) < p(,u—i-Q)—wQ—(p_w)[ ‘72+(Q—5)2—(M—Q)]

02+(Q—u)2—(62—u)]

~ s :
2 _ 2 _ _
_ plpro_VvZE@ 5) (u Q)]
_ w[Q_ 02+(Q—5)2—(M—Q)]
R RVl R el Al )
" 2
< pluto- "2+(Q_;‘)2_<“_Q>] holds if and only if
0 02+(Q_5)2_(“_Q)>Oand 02+(Q—5)2—(Q—/~b)>0<91>

From the above conditions (91), we have
Q1> AT (@ P (92)
—Q+p> o+ (Q — p)? (93)
Solving the above equations we get > 0. Thus, for p > 0,

EGTS) <plp+0— o2 +(Q—p)? - (p—Q) p[SM—Q—\/;QHQ—u)Z]

2 =

7.2.5 Consignment policy

The revenue for the retailer comes from the per unit commission and the fixed fee paid by the

manufacturer. In this policy, the retailer does not carry the total inventory holding cost as the

ownership of products is retained by the manufacturer. The operational part of the holding

cost which includes storage space, material handling etc., is carried by the retailer. But, the

financial component (opportunity cost while investing the capital, taxes etc.) is incurred by the
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manufacturer. Thus, the total cost faced by the retailer in this policy consists of the operational
part of the holding cost and the goodwill loss during stockout.

The expected total profit of the retailer for consignment policy is

ap—hiPE(Q—D)" +A; D<Q
a@Q —s,E(D—-Q)"+ A, Q<D

Using (84) and (85), (94) can be written as

o2 —_ 2112 _ _

E(ﬂ_TCP) — Oé(,u—l— Q) _ hS'P {[ + (Q M)2] (:U' Q)}
[0® + (@ — ' — (@ — 1)

—sr{ K 5 a }+A

hEP + s,

2
hCP o

+TST(M—Q)+A

(95)

=a(p+Q) - o+ (Q — )

In maximize the profit of the retailer, we take the derivative of (95) with respect to ) which

gives
E(MCT) (" +s)(Q—p) KT —s,

oQ RPN u s EnE 2

Now, equating the above equation to zero, we obtain

200 — (hSF —s,)
heP + s,

olcp

where I' = [See Appendix B (96)

Q™ =+
1-TZp

Now, at the manufacturer’s end, though the entire lot is delivered to the retailer’s warehouse
the manufacturer keeps the ownership of the merchandize. The financial part of the holding
cost is carried by the manufacturer. The selling-price is fixed by the manufacturer and the
retailer transfer the balance amount after deducting the per unit commission. This balance
amount is the source of revenue for the manufacturer. No fund transfer is to be taken place if
the item is unsold. Besides this the manufacturer also agreed to pay a fixed fee to the retailer.

The expected total profit of the manufacturer is

(p—a)u—cQ—hSPE(Q— D)t —A; D<Q
p—a—c)Q —spE(D—-Q)t—A; D>Q
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Using (84) and (85), the above equation can be written as
[0 + Q=" = (n=Q) }

E(Wﬁp)=p(u+Q)—au—aQ—cQ—hff{ 5

_Sm{[02+(Q—u)2]1/2—(62—u)}_A

2 (98)
hCF + s,
— b+ Q) — Q — aQ —ap — /7 (Q — p)?
hCP—Sm
(ki -Q) -4

The expected joint total profit for manufacturer and retailer under consignment policy is

E(x§") = E(xS +75P) = B(rnCF) + E(zSP) ie.,

hef + s, heP — s,

E(xi") = a(p+Q) - =, Q- p)+ (- Q)+ A
hEP + s,
Fp(n+ Q) = cQ — aQ — ap — “2 T [T (G = )2
hf,;P—sm A
+ (= Q) - (99)
=(a+p)(p+Q)—cQ—aQ —an
C C
(R + hmP)2+ (8r + 5m) /5 Q= )7
cP cPy
I R S PR

2
In order to maximize the expected joint total profit, we take the derivative of (99) with

respect to @)
0L (n5") (A" + h") + (50 + 5m)

= p — C —
oQ 2\/0% +(Q — p)? (100)
(hgp + hgp) — (80 + 5m)
2
Equating the above equation to zero, we obtain
CPx*

A 2p — ¢) — (hCP + hCPY — (s, + s,
7 :M—FU—Where)\: (p C) P((T : m) (S +S ))
Vix (RSP + KGPY+ (or + )
[See Appendix B|

(101)

FEvaluation of per unit commission

In order to obtain the per unit commission « given by the manufacturer to the retailer, we
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equate Q" = Q§F* and obtain the value of a as

h, — s, h, + s,
= 20p—c) — (Hep — S 102
el 5 T Hop + Scp)( (p—c)— (Hep — Scp)) (102)

where Hep = (RSP + hEP) and Scp = (5, + 5m)

FEvaluation of the fixed fee paid by the manufacturer to the retailer
In consignment policy, retailers expects to earn at least as much as in traditional policy.
This is the manufacturer’s responsibility to ensure that the retailer’s expected profit for CP

reaches or exceeds the expected profit for TP. i.e.,

Max z = E(nS")

subject to  E(n¢F) > E(x1%) (103)
A<plp+Qr®) —we® - @W +(QFS —p)?
TS _ op
SIS ) — a4 QET) + + T T S (QET — i)? (104)
hCP
e )

A point should be noted that this fixed fee is not always positive. This fee is calculated
comparing the retailer’s expected profit under CP and TP. The responsibility for the manufac-
turer is to confirm the more profit of the retailer in CP than that of TP. If this happens, then
replacing the inequality sign of (104) to equality, the fixed fee becomes negative; otherwise it
is positive. A positive fixed fee is regarded as an ‘admission fee’ which is a slotting allowance
paid by the manufacturer to the retailer and a negative fixed fee is referred to as a ‘royalty’

paid by the retailer to the manufacturer (Chen and Liu, 2008).

7.2.6 Proposed way to evaluate the fixed fee in CP

In CP the manufacturer holds the ownership of the product. The retailer just provides the
warehouse space to hold the item. In return, the retailer is offered with a per unit commission

on selling an item and a fixed fee. On the other hand, a part of holding cost has to carried
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out by the retailer. An awkward situation for the retailer comes into the way while making
the consignment contract with the manufacturer. This is a difficult decision for the retailer to
agree with per unit commission and the fixed fee. Specially, this fixed fee as it is not always
positive which means the retailer has to give a royalty to the manufacturer. This may create an
issue to sign a consignment contract as the per unit commission is the only source of revenue
for the retailer.

This proposed method can reduce the royalty, which has to be paid by the retailer to the
manufacturer in case of negative fixed fee. We convert the inequality sign of (104) to equality
which shows

A= E(x75) - E(xC")

T

The value of A will be negative if

E(r;") > B(m;®) (105)
Now, we obtain the ratio
E(WTS)
= T 1
‘E(WTCP)’ (106)
If (105) holds, then r < 1 and
E(?TTS>
A —rA= ‘ r ‘A A 1
r E(nCP) < (107)

Thus, the royalty which is to be given by the retailer can be reduced in this way. The

expected profit for the retailer and the manufacturer for this new fixed cost will be

o2 cP _ ,N\211/2 _ (,, _ CP
Bincf) = atu+ @ff) —ner { @ O )Y

_ST{[O—H(Q?P—M)Z]”Z—(Q?P—M)}+An

hEY + s,
5 Vo2 +(QCF — p)?

(108)

= a(p+ Q") —

cP
hyt — s,

T
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and

[0 + (@7 = W' — (n = QFF) }
2

E(mgy) ZP(M+Q7?P)—ozu—onfP—chP—hff{

. { 0% + Q" — p)*]'/* — (QCF — u)} A

2
or op cp I+ Sm cP 2
= p(p+ Q) = QP — aQ” —ap — == /02 1 (QET — 1)
her — s
+ me(ﬂ — QYP) — A, respectively.

(109)

7.2.7 Solution algorithm

The following algorithm is used to obtain the optimal solution of the model.
For traditional policy
Step 1 Input all parameter values u, o, p, w, ¢, s, s€ hIS P KRCP and sCF.

Step 2 Evaluate the order quantity for the retailer Q7 from (88).

Step 3 Utilize the value of QT to obtain the retailer’s total expected profit E(71®) from (86)

and the manufacturer’s total expected profit E(7L%) from (89).
For consignment policy
Step 4 Evaluate the value of per unit commission « for the retailer using (102).

Step 5 Obtain the value of the order quantity in consignment policy Q¢¥ for the retailer from

(96).
Step 6 Evaluate the fixed cost A from (104).

Step 7 If A > 0, then evaluate the expected profit of the retailer E(7¢) and the manufacturer
E(7SP) from (95) and (98), respectively.

Step 8 If A <0, then execute the following steps
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Table 7.1

Optimal solutions for traditional system

h QTS | E(xI%) | E(xL%) | Joint profit

0.63c | 236.07 | 854.25 | 1416.40 2270.65
0.73c | 206.67 | 500.00 | 1240.00 1740.40

Step 8a Evaluate A, from (107).

Step 8b Utilize the value of A, to evaluate the new expected profit for the retailer and the
manufacturer i.e., E(7¢F) and E(7SF), respectively from (108) and (109).

™™m

7.3 Numerical experiments

Example 1
We use following parameter values for traditional policy. p = 100, o = 200, p = $30,
w = $25, ¢ = $19, and s, = $20. Now using the solution algorithm, the optimal solution for

the traditional system model are summarized in Table 7.1.

Example 2

We use same parameter values as used in Example 1. Example 2 is used for consignment
policy. The inventory holding cost is divided into both parties. The optimal solutions for
consignment policy are summarized in Table 7.2. This solution is obtained for general consign-

ment policy. The optimal solutions for the proposed method to evaluate the royalty are given

in Table 7.3.
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Figure 13 Graphical representation of order quantity versus profit for consignment policy

Table 7.2

Optimal solutions for consignment policy

(heih) | (seosw) | o | QP | B(xCP) | E(SP) | Joint profit| A

(0.21¢,0.42¢) | (0,20) | 3.87 | 638.82 | 854.25 | 2132.19 2986.44 218.44
(0.26¢,0.47¢) | (0,20) | 4.56 | 390.35 | 500.00 | 1671.27 2171.27 —128.13
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Figure 14 Graphical representation of order quantity, standard deviation versus profit for con-

signment policy

Table 7.3

Optimal solutions for the proposed method in consignment policy

(heshi) | (Sr8m) | a | Q77 | E(xP") | E(xl) | Joint profit | A,

m

(0.26¢,0.47¢) | (0,20) | 4.56 | 390.35 | 526.14 | 1645.13 2171.27 —101.99
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Figure 15 Graphical representation of order quantity versus expected profit for traditional policy
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ditional policy
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Table 7.4

Optimal solutions for price sensitivity on demand

g | « QST | E(n¢P) | E(xSP) | Joint profit A A,

0.1 | 4.56 | 387.35 | 465.48 | 1582.79 2048.27 —205.77 | —135.29
0.2 | 4.56 | 384.35 | 430.08 | 1495.18 1925.26 —283.42 | —143.34
0.3 | 4.56 | 381.35 | 423.74 | 1378.53 1802.27 —361.07 | —122.32
0.4 | 4.56 | 378.35 | 451.05 | 1228.22 1679.27 —438.72 | —67.66

7.3.1 Price sensitivity on demand

According to the variation of selling-price the demand varies following the relation D = a— (p,
where a is annual demand and ( is the fraction of price which influences the demand. In case
of distribution free approach only an educated mean and standard deviation is known. There
are no other information regarding the probability distribution of the demand. We consider
that the mean demand p is price-sensitive and follows the linear relationship of demand with
the selling-price as yu = a — fp. Example 3 summarizes the optimal results by replacing u with
a — Bp.

Example 3
We use the same parameter values as used in Example 2 considering a = 100 and the

holding costs as (h;, h,,) = (0.26¢,0.47¢). The optimal results are summarized in Table 7.4.

Table 7.1 shows the maximum expected profit for the vendor and the buyer with different
holding cost assumption. Table 7.2 represents the optimal expected profit for both parties for
consignment policy and changes of expected profit with different holding costs. Table 7.3 indi-
cates the optimal results under the proposed method to reduce the royalty for the retailer. It
is observed that the royalty can be reduced without interrupting the joint profit for the vendor
and the buyer. Table 7.4 gives linear-price sensitivity on mean demand. The changes of optimal

profit for the buyer and the vendor with changes in the price fraction S which influences the
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Table 7.5

Sensitivity analysis for holding cost components

Parameters | Changes | Joint profit || Parameters | Changes | Joint profit
(in %) (in %) (in %) (in %)
—20% 40.31568 —20% 80.65674
—15% 28.83955 —15% 57.18234
—10% 17.79346 —10% 35.95507
—5% 8.092732 —5% 16.94367
her +5% —6.70292 hCF +5% —14.9342
+10% —12.1953 +10% —27.864
+15% —16.6257 +15% —38.7594
+20% —20.1179 +20% —47.5653

mean demand.

7.3.2 Sensitivity analysis

Table 7.5 represents the sensitivity analysis for holding costs for the vendor and the buyer in
consignment policy. It is found that the manufacturer’s holding cost is more sensitive than the

retailer’s holding cost to the joint optimal profit.

7.4 Managerial insights

This chapter highlights a comparison between traditional and consignment policy under a
manufacturer-retailer supply chain system. The managerial insights are given as follows:
e A consignment contract saves fund in favor of retailer as the financial and operational part

of holding cost is divided into retailer and manufacturer, respectively.
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e Demand is considered as random, but free of any specific distribution with known mean and
standard deviation. The distribution free approach is applied to solve the model which can
save fund for collecting demand data from market.

e An effective procedure is established to reduce retailer’s royalty to strengthen the negotiation

between manufacturer and retailer in achieving a consignment contract.

7.5 Concluding remarks

In this study, a comparison between the traditional policy and the consignment policy for
a newsvendor problem with the manufacturer and the retailer was shown under distribution
free approach. The demand distribution is completely unknown except mean and standard
deviation depending on which the entire model was developed. The optimal decisions was ob-
tained for both traditional and consignment policy. It was observed that the joint profit for
the consignment policy is greater than that of the traditional policy. To reduce the royalty for
the retailer to the manufacturer a new methodology was provided. The royalty for the retailer
was reduced without affecting the joint total profit for both parties. The price-sensitivity on
demand was examined, which proved that increment of a fraction of price may result reduction

of total expected profit.

143



7.6 Appendices of Chapter 7

Appendix A

_ 1Q-Dl+(@-D)
@-D)" = .

E|Q—-D| < /E(Q— D)? (By Cauchy Schwartz inequality)

= VE(Q-2QD + D?)

— /@ —2Qu+ E(D?) (As E(D) = p)
— V(@) (As 0* = E(D?) — i)

E|Q - D[+ E(Q - D)
2
< 02+(Q—5)2—(M—Q)

Now, E(Q — D)* =

Similarly, we can prove that

E(D—Q)+§ \/UZ_I'(Q_,U)Z_(Q_H)

2

Appendix B
Optimal order quantity for traditional policy
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Optimal order quantity for consignment policy
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Chapter 8
A multi-retailer supply chain model with backorder
and variable production cost
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8 A multi-retailer supply chain model with backorder
and variable production cost

This chapter considers an multi-retailer supply chain model, where a single-vendor manufac-
tures goods in a batch production process and supplies to a set of buyers over multiple times.
Instead of assuming a fixed production rate, variable production rate is considered by the ven-
dor and also the production cost of the vendor is treated as a function of production rate. The
continuous review inventory policy is applied by buyers to inspect the inventory level and a
crashing cost is incurred by all buyers to reduce lead time. The lead time demand is normally
distributed. The unsatisfied demand at buyer’s end are partially backordered. A service-level
constraint is incorporated corresponding to each buyer. A model is formulated to minimize the

expected joint cost of the vendor-buyers supply chain system.

8.1 Literature review

Similar literatures used in previous chapters have been omitted in this chapter. Literatures
related to specific contributions in this chapter are only discussed.

Banerjee and Burton (1994) developed a comparison between coordinated and indepen-
dent replenishment policies in a single-vendor multi-buyer supply chain model. Banerjee and
Banerjee (1994) developed a multi-buyer inventory model using electronic data interchange with
order-up-to inventory control policy. Sarmah et al. (2008) considered a single supplier multi
buyer coordinated supply chain model with trade credit policy. Hoque (2008) created three
different single-vendor multi-buyer models by synchronizing the production flow with equal and
unequal sized batch transfer for first two models and the last last model, respectively.

The production rate is assumed to be constant in classical supply chain model whereas, in
many cases, the machine production rate may change (Khouja and Mehrez, 1994). Conard and
McClamrock’s (1987) analysis stated that 10% change in processing rate results 50% change in

machine tool cost. Moreover, the possibility of failure of production process gradually increases
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with the increasing production rate. As a result, the product quality may deteriorate at some
percentage. Thus, it is reasonable to consider the production rate as a decision variable. Unit
production cost also depends on the production rate and treated to be one of the decision

variables.

8.2 Model formulation

In this section assumptions, model development, and solution procedure with algorithm are

described thoroughly.

8.2.1 Assumptions

Following assumptions are considered to develop the model.

1. This chapter assumes a single-vendor multi-buyer supply chain model for single-type of

products.

2. To satisfy the demand of each buyer, vendor supplies a total of ) quantity such that
Q=2 -

3. The vendor manufactures m(@) quantity against the order of ¢; quantity of buyer ¢ but
the shipment should be in quantity ) over m times. The shipment procedure follows the
G . Q

relation ¢; = di% e, # =73
7

4. The inventory is continuously reviewed by each buyer. According to this policy, an order
is placed whenever the level of inventory decreases to a particular inventory level (reorder

point).

5. Production rate is a variable quantity, which varies within the range P, (Prin > D =

Yor i d;) and P

6. The unit production cost of the vendor is a function of P.
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7. Partial backorder is considered with backorder ratio f3; for ith retailer.

8. For ith retailer, we assume L,y = 27:1 bij. L, is the length of lead time having the
components 1,2, ...,r crashed to their minimum duration. Thus, L;, can be expressed as
Li, = Lip — Z] ((bij —aij), r=1,2,...,n; and the lead time crashing cost per cycle

Ci(L;) is expressed as C;(L;) = ¢;p(Liy—1 — L;) + Z] 1 cm( —a;;), L €[Liy, Liy—1].
9. The lead time crashing cost entirely belongs to the buyer’s cost component.
10. The time horizon is infinite.

Total expected cost for buyers
At this stage, we derive all cost components for each buyer. The ordering cost for ith buyer
i

as the expected cycle time for each buyer is #*. The inventory level is continuously

is %
reviewed by the each buyer. Thus, the ith buyer places an order ¢; only when the level of
inventory reaches down to a specified indicator say, reorder point r;. The net inventory level
for buyer 7 just before and after receipt of an order is r; — d;L; and ¢; + r; — d; L;, respectively.
Therefore, the approximated average inventory for buyer i over the cycle is & +7; —d; L;. Now,
r; can be expressed as D;L; + k;o;v/L;, which makes the average inventory for ith buyer as
L + kijoi/Li. Again, (1 — f3;) is the fraction of demand, which is not backordered. Hence,
the holding cost for buyer i per unit time is hy[%L + 7y — diL; + (1 — ;) E(X; — 13)"]. As
mo; and 7; are the marginal profit and stockout cost per unit item, respectively for buyer i,
{m + moi(1 — BZ-)}%E(Xi — r;)T is the shortage cost per item per unit time. According to
assumption, the expression of the lead time crashing cost/unit time is R(Li)% for buyer 1.
Total expected cost for buyer i is

TECy; =0rdering cost+holding cost+shortage cost+Lead time crashing cost
Thus, T ECy,; leads to the following expression

TECy(qi, ki, Li) = [Az;dl + {qz + ki Uz\/_"f_ 1 —B)E(X; — Ti)+}
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X; is the lead time demand for buyer ¢ having a normal distribution with d;L; and o;v/L;
as mean and standard deviation, respectively. Shortages occur only when X; > r; for each ith
buyer. The expected shortage at cycle end for ith buyer is E(X; — ;)" = f:o(xl —r;)dF(x) =
oiv/Lip(k;) where 1 (k;) = ¢(k;) — ki[1 — ®(k;)], ¢ stands for the standard normal probability
density function, and ® = stands for the cumulative distribution function of normal distribution.

According to assumption 3 and using E(X; — r;)" = o,/ Ly (k;), (110) becomes

TECy(Q, ki, L;) = [AbiD + i {de + kio-i\/L_i+ (1- /Bi)Ui\/fiw(ki)}

Q 2D
D D
w1l = B} o/ Tk + R(L) 5 (111)
Total expected cost for the vendor
The setup cost for vendor per unit time is ’:”;—5.

The average inventory of the vendor is

fa(2ein-12) - 22) L)) 2

D D
— % [m (1 — ?> — 1—1—2?] Figure (7)

Therefore, the holding cost per unit time for vendor is

Q D 2D
hv§ |:m<1—F)—1+?}

The production cost for the vendor is assumed to be the function of P. The expression of
unit production cost is C(P) = (%4 + a»P) (Khouja and Mehrez, 1994). The production rate
which minimizes the unit production cost is P* = \/Z»—i . Therefore, the total expected cost of
vendor is expressed as

T EC,=Setup cost+Holding cost+Material cost i.e.,

TEC,(m,Q, P) = ﬁ;’g + %hv {m (1 - %) 14 %] +D (% + azp) (112)

In order to obtain the centralized decisions for both vendor and buyer to minimize the

entire supply chain cost, the total cost expression of both the ends must be combined together.
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Therefore, the expected joint total cost for both vendor and buyers (JTEC) is obtained.

n

JTEC(Q, ki, Li, P,m) = Z%[Abﬁ{mmm — Bi)}oin/Lito (ki +—+R(L)}

=1

+ Z P [%dz + kioin/Li + (1 — 51)02\/311?(1%)}
i=1

D D
+ %hv{m(l—ﬁ)—1+2P}+D<P—I—GQP> (113)

Now, the aim is to obtain the optimal solution for all decision variables such that the
joint expected total cost is minimized. The problem becomes an unconstrained minimization
problem with five decision variables. Therefore, in order to obtain the optimal supply chain
cost, we need to obtain derivatives of the objective function (total cost function) with respect
to all decision variables and equate them with zero. Now, according to the assumption, m is
an integer and therefore, it can be treated as discrete decision variable and differentiability of

the cost function with respect to m is not possible. Thus, after taking derivatives with respect

to @, k;, L;, and P, we obtain

OJTEC(Q, ki, Li, Pm) = hyi h., D 2D

ok, B (114)
<1 — B)oi/Li(®(k;) — 1)
0JTEC ki,Li,P, — D 1,7
(%Li m _ {m + (1= ) o) L - 2
hy Ly '

+ (kioy + (1 — By (k)

2
oP = ﬁ Ehv(m — 2) —ai| + CLQD
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Again, we note that the second order partial derivative of the joint total cost function with

respect to L; is

2JTEC(Q, ks, L, P, D .
<C§’LZ & - _@{m + moi(1 — Bs) youp (ki) L; i
—3/2
— (kijoy+ (1 — ﬁi)aiiﬂ(ki))% (115)

which is a negative term for 0 < 8; < 1 and all positive values of parameters and decision
variables present in (115). Therefore, for fixed @, k;, P, and m, the function JTEC(Q, k;, L;, P, m)
is concave in L;. Thus, for fixed @, k;, P, and m, the minimum value of JTEC(Q, k;, L;, P, m)
attains at the end point of the interval [L; ;, L; j_1]. Now for fixed positive integer m, and for
any fixed value of L;, values of @, ®(k;), and P can be obtained by equating every individual

equation of the system (114) to zero.

0= {QD{A,,/m + > (Ayi + [mi + m0i(1 = B)]oi/La(ks) + R(Ly))} }1/2 (116)
Sy di by [m (1= 3) — 1+ 2]

i
®hs) =1- g(m + moi(1 = Bi)) + (1 — Bs) o
a1 — Oho(m — 1/2
po (i) N

8.2.2 Solution algorithm

Step 1 Set m = 1 and for all buyers ¢ = 1,2, ..., n assign values of all parameters and perform

the following steps.
Step 2 For every combination of L;,,r =1,2,.... N;, i = 1,2, ...,n perform Step 2a—2e.
Step 2a Set k/' = 0 for each buyer i.
Step 2b Substitute &', (i=1,2,....n) into (128) and evaluate Q7'.

Step 2c Utilize Q7' to determine the value of ®(k/?) for each i from (129).
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Step 2d Using the value of ®(k/?), obtain the value of k/* from normal table.

Step 2e Repeat 2b to 2d until no changes occur in the values of Q7 and kf denote these values

by the point Q’* and kf * respectively.
Step 3 Evaluate the value of P’* from (130) using the value of (Q7*.

Step 4 Denote the latest updated values of @7, k7, and P7 by Q7**, k/** and P7**,

-----

for all 7.

Step 6 Set m =m + 1.
If JATC(Q Ky, P Liy,m) < JATC(Qr_y ki1, Sk 1,05 |, Ly—1,m — 1), repeat

m Vimr t m m—1 Ym—1~m—-1Ym—1>

Step 2 and Step 3. Otherwise go to Step 7.

Step 7 Set JATC(Q:r kX, Sx 0% L,,,m) = JATC(Qr |, kX, S5 0% | Ly, m—1).
Then, (Q**, k**, L**, S**, 60** , m*) is the optimal solution and the optimal reorder point
can be obtained from R** = DL** + k**o+/ L**, where R** denotes the optimal solution

for R, the reorder point.

8.3 Numerical experiments

Following parameter values are used to interpret the model numerically. d; = 200 units/week,
dy = 300 units/week, d3 = 200 units/week, A, = $4000/setup, Ay = $100/setup, Ay =
$150/setup, Ay = $100/setup, h, = $10/unit/week, hy; = $11/unit/week, hyy = $11/unit/week,
hps = $12/unit/week, o1 = 9, o = 10, o3 = 15, mp; = $150/unit, me, = $140/unit,
o3 = $152/unit, m; = $50/unit, 7 = $50/unit, 73 = $51/unit. Table 8.1 for lead time

data is given below.

From Table 8.2, 8.3, and 8.4, the optimal values of decision variables are obtained from

different backorder ratios. Table 8.2, 8.3, and 8.4 represent optimal results for 5 = 0.0, 0.5, and
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Table 8.1

Lead time data

Buyer i | Lead time component | Normal duration | Minimum duration | Unit crashing cost

(bi,r) (ai,r) (Ci,r)

1 1 20 6 0.1

2 20 6 1.2

3 16 9 5.0

2 1 20 6 0.5

2 16 9 1.3

3 13 6 5.1

3 25 11 0.4

2 20 6 2.5

3 18 11 5.0

Table 8.2
Total optimal cost for 5; =0,7=1,2,3

m | Ly | Ly | Lg Q k1 ko ks D C(p) TEC
313 ] 4| 4 1469943 | 1.789 | 1.765 | 1.755 | 1328.543 | 28.339 | 30287.838
3141 4] 4 1466458 | 1.792 | 1.769 | 1.759 | 1329.199 | 28.338 | 30270.744
314 ] 3| 4 1469925 | 1.789 | 1.765 | 1.755 | 1328.547 | 28.339 | 30282.853
314 | 4| 3 [471.373 | 1.787 | 1.764 | 1.754 | 1328.274 | 28.339 | 30276.958
3|4 | 3| 3 474778 | 1.784 | 1.760 | 1.751 | 1327.633 | 28.340 | 30288.206
313 | 4| 3 474797 | 1.784 | 1.760 | 1.751 | 1327.630 | 28.340 | 30293.196
31 3 ] 3| 4 473367 | 1.785 | 1.762 | 1.752 | 1327.899 | 28.340 | 30299.351
313 ] 3| 3 478160 | 1.781 | 1.757 | 1.747 | 1326.996 | 28.341 | 30303.874
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Table 8.3

Total optimal cost for 5; =0.5,i=1,2,3

&

h
[\

~
o

Q

ka

ks

ks

p

C(p)

TEC

W W W W w w w w |3

W W W e ke e e W

W W = W ke W s

W = W W W e R

471.905
468.487
471.879
473.274
476.604
476.631
475.255
479.920

1.561
1.565
1.561
1.560
1.556
1.556
1.558
1.553

1.541 | 1.
1.544 | 1.
1.541 | 1.
1.539 | 1.
1.536 | 1.
1.536 | 1.
1.537 | 1.
1.532 | 1.

925
529
525
024
520
520
022
517

1328.174
1328.817
1328.179
1327.916
1327.289
1327.284
1327.543
1326.664

28.340
28.339
28.340
28.340
28.341
28.341
28.340
28.342

30153.094
30131.424
30148.556
30146.095
30162.393
30166.934
30169.646
30182.676

Total optimal cost for 5; = 0.8,

Table 8.4

i=1,2,3

&

h
[\

h
w

Q

ki

ks

ks

p

C(p)

TEC

W W W W w w w w3

W W W ok ke e e W

W W = W ke W e s

W R W W W R R

474.268
470.930
474.234
475.563
478.804
478.840
477.529
482.040

1.322
1.326
1.322
1.320
1.317
1.317
1.318
1.313

1.308 | 1.
1.312 | 1.
1.308 | 1.
1.306 | 1.
1.302 | 1.
1.302 | 1.
1.304 | 1.
1.299 | 1.

283
287
283
281
277
277
279
273

1327.729
1328.357
1327.736
1327.485
1326.875
1326.868
1327.115
1326.265

28.340
28.339
28.340
28.340
28.341
28.341
28.341
28.342

30016.004
29989.695
30011.853
30012.957
30034.312
30038.465
30037.601
30059.281
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Table 8.5

Summarization of optimal values

B |m | Ly | Ly | Ls Q ky ko ks D C(p) TEC

00| 3] 4 | 4| 4 470930 | 1.326 | 1.312 | 1.287 | 1328.357 | 28.339 | 29989.695
053 |4 | 4| 4 |468.487 | 1.565 | 1.544 | 1.529 | 1328.817 | 28.339 | 30131.424
08| 3] 4 |4 | 4 470930 | 1.326 | 1.312 | 1.287 | 1328.357 | 28.339 | 29989.695

0.8, respectively. We obtain many solutions in each table for different lead time. Final optimal

decisions for optimal lead time are displayed by Table 8.5.

Therefore, we see that minimum cost is attend at 4 weeks of lead time for every buyer and

the optimal shipment is 3 for each of the three backorder ratio values.

8.3.1 Sensitivity analysis

We change some key parameters by —50%, —25%, +25%, and +50%. Each parameter
is changed one at a time keeping other parameters fixed. The effect of changes of the key
parameters are illustrated in Table 8.6.

Variations of key parameters Ay;, hy1, Ay, and h, are considered. For the sake of simplicity,
cost parameters of buyer 1 is taken under consideration. Observations made from sensitivity
analysis are described as follows:

e Vendor’s cost components are more sensitive than buyer’s cost components.
e Holding cost of buyer is more sensitive that ordering cost, which is true for all buyers.
e Vendor’s holding cost is also more sensitive than vendor’s setup cost, but the rate of sensitivity

is less than that of the buyer.
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Table 8.6

Sensitivity analysis for different key parameters

Parameters | Changes(in %) | TECY || Parameters | Changes(in %) | TECYN
—50% —-0.41 —50% —5.01

—-25% —0.22 —25% —2.65

Apn +25% +0.19 A, +25% +2.47
+50% +0.38 +50% +4.75

—50% —1.23 —50% —5.81

—25% —0.49 —25% —3.00

h +25% +0.57 he +25% +2.86
+50% +1.14 +50% +5.70

8.4 Managerial insights

This chapter provides a two-echelon single-vendor multi-buyer supply chain model with vari-
able production rate. The managerial insights of this chapter are as follows:
e The managerial decisions are made under variable production rate. This assumption is more
realistic than a fixed production rate.
e Production cost is also considered as variable and a special type of cost function is assumed
to obtain more generalized decisions than fixed production cost.
e Manager can reduce lead time and enhance the service level by incurring a lead time crashing

cost.

8.5 Concluding remarks

This study proposed a single vendor and multiple buyers supply chain model. Variable lead
time was considered at the buyer’s end. The lead time demand was assumed to follow a normal

distribution. The vendor’s production rate was considered as variable rather than as a fixed
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entity. Moreover, the unit production cost was also considered as a variable (Khouja and
Mehrez, 1994) that was dependent on the production rate, and a special type of function was
considered to establish the relation between the production rate and the unit production cost.
At the end of the production, the finished goods were delivered to a number of buyers through

a multiple delivery policy.
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Chapter 9
Relation between quality of products and production-rate in a
single-vendor multi-retailer joint economic lot size model
with variable production cost
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9 Relation between quality of products and production-
rate in a single-vendor multi-retailer joint economic
lot size model with variable production cost

This chapter deals with a single-vendor multi-buyer supply chain model with imperfect quality
and variable production rate. The vendor supplies the order quantity of the buyer over multiple
shipments. The production rate of the vendor is considered as flexible because production rate
may change for various situations. The quality of products is dependent on the production
rate. Manufacturing quality deteriorates with an increasing rate of production. The relation
between process quality and production rate is established in this context. Moreover, the unit
production cost is also considered to be a function of the production rate. End products are
delivered to satisfy the demand of buyers over multiple time segments. The lead time is variable
and a lead time crashing cost is incorporated by buyers to reduce the lead time, whereas the
lead time demand is considered to be stochastic and to follow a normal distribution. The target
of this study is to examine how the flexibility of the production rate affects the entire supply
chain cost under a single-setup multi-delivery policy. A supply chain consists of many facili-
ties, which play very important role in establishing a perfect coordination among themselves in
order to satisfy the end customer’s demand. However, the situation, where parties concentrate
on reducing their own cost is not suitable for modern supply chain management. Instead of
having a single-sided optimal strategy, present-day manufacturers or vendors are interested for
building their own set of retail outlets. Thus, obtaining optimal decisions to minimize the entire
supply chain cost has recently been given a great deal of attention as opposed to minimizing
individual costs of each player (vendor, buyer, etc.) separately. Moreover, vendors receive more

profit if they deliver products to a large number buyers rather than to a single buyer.
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9.1 Literature review

Sarmah et al. (2008) introduced a single-manufacturer multi-buyer coordinated supply chain
policy with a trade-credit option. Jha and Shankar (2013) incorporated a service-level constraint
in a multi-buyer integrated production inventory model. Guan and Zhao (2011) developed a
multi-retailer inventory model with continuous review policy. The system optimizes the deci-
sions of pricing and inventory management with the aim of maximizing profit.

In the classical supply chain model, the rate of production is assumed to be constant. How-
ever, in many cases the machine production rate may easily change (Khouja and Mehrez, 1994).
Machine tool cost also increases with increasing production rate. According to the analysis of
Conard and McClamrock (1987), a 10% change in the processing rate results in a 50% change
in the machine tool cost. Moreover, as the production rate increases, the probability of failure
to the process may gradually increase, which causes the product quality to deteriorate at some
percentage. Thus, it is reasonable to assume the production rate as a decision variable rather
than a constant parameter. The unit production cost also depends on the production rate and
is treated as decision variable.

Porteus (1986) explained the gradual fall of the product quality with an increased amount
of production. The process approaches to the out-of-control state from the in-control state as
the number of produced units increases. Rosenblatt and Lee (1986) considered the elapsed time
until the production process reaches the out-of-control state to be an exponentially distributed

random variable.

9.2 Model formulation

This section consists of assumptions, formation of mathematical model with graphical repre-

sentation, solution methodology with algorithm.
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9.2.

1 Assumptions

Following assumptions are considered to develop the model.

10.

11.

12.

. The model consists of a single-vendor and multi-buyer for single type of products.

To satisfy the demand of each buyer, the vendor supplies a total of () items such that

. When the i-th buyer orders the quantity ¢;, the vendor manufactures m@ items but the
shipment should be carried out m times with a quantity of ) such that ¢; = di%, ie.,
4 _ Q
d; — D

Continuous review inventory policy is achieved by each buyer.

The production rate is a variable quantity which varies within the range P, (Ppin >

D =>%""d;) and Pu,.
The unit production cost is dependent on the production rate P.
The quality of the product deteriorates with increasing production rate.

The elapsed time after the production system goes out-of-control is an exponentially
distributed random variable and the mean of the exponential distribution is a decreasing

function of the production rate (Khouja and Mehrez, 1994).
Shortages are allowed and are fully backordered.

For the i-th retailer, we assume L;( = 2?21 b; j. L;, is the length of the lead time with

components 1,2, ..., r crashed to their minimum duration. Thus, L;, can be expressed as
Li,=1L;p— Z;:1(bi,j —a;j), r=1,2,...,n; and the lead time crashing cost/cycle C;(L;)
is expressed as C;(L;) = ¢;»(Lir—1 — L;) + Z;;} ¢ij(bij—aij), L € [Liy, Lir—].

The lead time crashing cost belongs entirely to the buyer’s cost component.

The time horizon is infinite.
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Total expected cost for buyers

The expected cycle time for each buyer is 2. Thus, the ordering cost for the i-th buyer is
%. The i-th buyer places an order ¢; only When the level of inventory reaches to the reorder
point r;. The net inventory levels for buyer ¢ are r; — d;L; and ¢; + r; — d; L; just before and
after an order quantity is received, respectively. Therefore, the approximate average inventory
for buyer 7 over this cycle is % +7; —d;L;. The reorder point for buyer i is r; = D, L; + kijoi\/L;
Therefore, the average inventory for the i-th buyer becomes % + kioiv/L;. The holding cost for
buyer i per unit time is hy;[4 +7r;—d; L;]. The shortage cost per unit for buyer i is Wi%E (X;—r)*t
and the lead time crashing cost per unit for buyer ¢ can be expressed as R(Li)%.

Generally, the total expected cost for buyer 7 is

T ECy; =ordering cost+holding cost+shortage cost+lead time crashing cost
Thus, TECy; can be written as

(2

d d.
v g, )t R(LZ-)—Z]. (119)
4qi

)

TECy(qs, ki, L) = [A;’dZ ¥ { Lk o—z\/fz}

X is the lead time demand for buyer 7 having a normal distribution with d;L; and o;v/L;
as the mean and standard deviation, respectively. Shortages occur only when X; > r; for

each i-th buyer. The expected shortage at cycle end for the i-th buyer is E(X; — r;)t =

[ (@i — 1) dF(z) = 0i7/Livo(k;), where ¥ (k;) = ¢(k;) — k;i[1 — (k;)], ¢ stands for the standard
normal probability density function, and & = stands for the cumulative distribution function
of the normal distribution.

According to assumption 3 and using E(X; — ;)" = o;v/Lip(k;), (119) becomes

TEC,(Q, ki, L;) = [AZD e z%d +/~cia@-\/fi}
D D
+ mon/Lab(k) g + R(L) (120)
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Total expected cost for the vendor

The setup cost for the vendor per unit time is %.

The average inventory of the vendor is

HmQ (% +(m— 1)%) _ ””‘22;32} _ {%2(1+2+ o (m— 1))” n%

D D
— %[m (1_F> —1+27] (FigureT)

Therefore, the holding cost per unit time for the vendor is

Q D 2D
hv? [m(l—ﬁ)—l—F?}

In order to establish a relation between the production rate and the process quality, we
assume f(P) as an increasing function of the production rate P which defines the number of
failure of production process with an increased production rate. Accordingly, 1/f(P) becomes
a decreasing function, which denotes the mean time to failure (Khouja and Mehrez, 1994).
Therefore, it can be implied from the above discussion that when the production rate is in-
creased, the mean time to failure decreases.

The number of defective units in a production cycle is given by

0 ifn>t
N —

aP(t —n(P)) if n <t (Rosenblatt and Lee, 1986).

The expected units of defective items in a lot size @) is given by

Q 1 _QIP 1
E(N)=aP |2+ =77 ) - —
R VTS (P)
For small f(P), Maclaurin series is a valid approximation for e(’%@), which yields
2
Cae QAP (QF(P))
A
From the above two equations, we obtain E(N) = af (P)Q—2 and thus, the expected rework

2P
cost becomes %E(N) = RDaf(P)%.

The following observations are needed to obtain the unit production cost function.
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The labour and energy costs rise to a large value as the production rate increases. The
unit tool cost is a minimum at a particular production rate, after which the tool cost increases.
Therefore, a ‘U-shaped’ convex cost function can be inferred at this stage (Hax and Candea,
1984).

According to the above discussion, the expression of the expected total cost for the vendor

becomes

mQ P P 2P

The objective of this article is to obtain centralized decisions for both the vendor and the

TEC,(m,Q,P) = L %hv [m (1 - 2) —14 Q] 1+ RDaf(P) 2 1 DO(P). (121)

buyers to minimize the joint total supply chain cost. Therefore, the expected joint total cost

for both the vendor and buyers (JTEC) can be expressed as

— Q 2D
AD  Q D 2D
+ mQ+5hu|:m(1—F)—1+?:|
+ RDaf(P)% + DC(P). (122)

The necessary condition for @, k;, L;, P, and m to be optimal is that the partial derivatives of
JTEC with respect to the above decision variables vanish separately, and the global minimum
of the objective cost function exists if the second order partial derivatives are all positive.
According to our assumption, m, the number of shipment, is a positive integer. Thus, it is not
reasonable to take the derivative of JT EC' with respect to m. Besides this, the second order

partial derivative of JT EC with respect to L; is negative:

GQJTEC' Q, ki,Li,P,m D

7 7

_ 1 _
. 32 _ ZhbzszzL 3/2 < 0.

Therefore, for fixed @, k;, P, and m, the function JTEC(Q, k;, L;, P, m) is concave in L;,
which yields the conclusion that the minimum value of JTEC(Q, k;, L;, P,m) is attained at an
endpoint of the interval [L; ;, L; ;_1| for fixed @, k;, P, and m. On the other hand, the positive

165



integer property of m resists to obtain the derivative of JT EC with respect to itself. Therefore,
for fixed Q, k;, P, and L;, there exists a positive integer m such that the following inequality
always holds true.
JTEC(Q, ki, Liy P,m —1) > JTEC(Q, ki, L;, P,m), (123)
JTEC(Q, ki, Li, P,m) < JTEC(Q, ki, L;, P,m + 1). (124)

Now, after obtaining the partial derivatives with respect to @), k;, and P, we have

OJTEC =T he AwD  moi/Lib (ki) D D
o0 = Lot T g
AD  h,
- mQ2+?[m(1—D/P)—1+2D/P}
RDaf(P)
t —p (125)
w;;fc = gmai\/fi[@(ki)—l]—l—hbiai\/fi, (126)
OJTEC QD , RaDQ .,
sp = (m=2hog + DOP)+ —m=(PfI(P) = f(P)). (127)

Satisfying the necessary condition for the optimality of JTEC, the following expressions

are obtained:

o [ 2D m + S\ (A + o Lotk + R(L)) | (128)
S B+, [m (1= 2) — 14 22] 4 ERaf®) 7
_ hi @
P = (129)
[ 2h, DC/(P) 0

P2 2QD(2—m)+ h,RaDQ(f(P) — Pf'(P))’
Here, we use a special type of unit production cost function as introduced by Khouja and

Mehrez (1994):

O(P) = (ﬂ + aQP) , (131)



[ Case 1 Case 2 Case 3

Mean time to failure

Production rate

Figure 17 Production rate versus mean time to failure

where a; and ay are positive real numbers which provides the best fit of the production cost
function (see Figure 17).

When the machines are inoperative i.e., the production process ceases, there is no chance
of any defective products to be created or the probability of the process going out-of-control is
zero. As the machines change into operation mode, chances of the arrival of defective goods
appear. We consider an increasing function f(P) of production rate P such that the mean

time to failure + ) becomes a decreasing function of P (See Figure 18). We introduce three

7P
different cases with three different functions to define the mean time to failure.

167



Production cost

Production rate

Figure 18 Production rate versus production cost

9.2.2 Special functions for mean time to failure

1 1
Case 1: —— = -——= (The quality function f(P) is linear in P), 132
5 = pp (The auality 1(P) ) (12)
1 1
Case 2: m = m (The quahty function f(P) is quadratic in P), (133)
1 1
Case 3: —— = (The quality function f(P) is cubic in P). (134)

f(P) b3P+ 63P2 + d3P3

where by, by, co, b3, c3 and d3 are non-negative real numbers that provide the best fit for the

function f(P) as well as ﬁ. Figure 18 separately describes the reduction of the mean time

of system failure with an increasing production rate for the above three cases. As we gradually

shift from Case 1 to Case 3, the decrement of the function #P) becomes larger and larger.
The expressions for the total cost function and the decision variables as obtained from

(122), (128), and (130) for the three different cases are given. We denote @,, k¥, and P, for

1)

Case p; p = 1,2, and 3, denote the three cases described above, respectively.
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Case 1: f(P) is linear in P

1/2
1 — )
Sy i+ by [m (1= 2) =1+ 22 4 Beily
hyi @1
O(k! _
( 7,) Dﬂ-z Y
P - 20,1D — thvD(m — 2) 1/2
o 2D(l2 ’
the joint total is given by
" rAyD
JTECl(Ql,ki,Li,Pl,m) = |: 5 ‘f’hbz{;?Dld +l€0’l\/L}
1

i=1
+ Qﬂﬂﬂz‘\/lz_ﬂﬁ(k‘
1
A, D Qy D 2D
+ le +7hv {m(l——) —1—|——:|
Q1

+ RDOéb1P12—P1+D (Pl +CL2P1> .

Case 2: f(P) is quadratic in P
1/2

2D{A,/m+ 37" (Ay + moi/Livb (k) + R(L;))}

QQ - )
S g, 4 p, [m (1 - P%) 1+ %} 1 BDelaPriesFy)
hi Q2
k%) = 1-—
( ’L) Dﬂ-z )

P,

I

20,1D - QghUD(m - 2) 1/2
QD(IQ -+ ROZDQQb
the joint total is given by

ITECHQu b L Fum) = 3 [ 4 { 220+ b/
i=1

Q2 2D
D D
A,D O D 2D
+ mQ2+7hU {m(l—g> —1+F21

2P,

+ RDa(byPy + CQPQ)@ +D <P + a2P2) .
2
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Case 3: f(P) is cubic in P

Qs =

1/2
2D{Au/m + Y (A + mow/Titp (k) + R(L))} (143)
n hy RDa(bg P3+c3P2+d3 P3) ’
Sy s by [ (1 - B) =14 22] 4 EReuba Ry
o) = 1- " (141)
_ _ 1/2
P3 _ 2DCL1 Qgth(m 2) ’ (145>
2(d3ROéDQ3P3 + Dag) + RO!DQ?,CQ

the joint total is given by

JTEC3(Qs, ki, Li, P3,m)

+

+

" rAyD
> 1%,

D D]

+ hbi {%dz + k,’O’“/ Ll}

2D
@Wﬂi\/fiwki) + R(Li)@
A,D Qs D
me)s - Thv [m (1 N FS)
Qs

RDCY(bng -+ 03P32 + dgpg)— -+ D
2P,

14+ 2=
+P3

QD]

a
(Fz + a2P3) . (146)

Now, a suitable procedure is established to optimize the above models. The explicit form

of k; is difficult to obtain from (129). Moreover, (145) shows that the function contains the

variable P5 in both the right-hand and left-hand side and so an explicit expression of P3 cannot

be obtained. In these circumstances, a closed form solution is very difficult to obtain. We

introduce an efficient algorithm to obtain the optimal solutions of the decision variables as well

as the expected joint total cost function. The following algorithm elaborately describes the

procedure for obtaining the optimal solution of the model for all cases.

9.2.3 Solution algorithm

Step 1 Set m = 1 and for all buyers « = 1, 2, ..., n; assign values of all parameters and perform

the following steps.
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Step 2 For every combination of L;,,r =1,2,..., N;, i = 1,2, ...,n perform Steps 3a—3e.
Step 2a Set kfjl = 0 for each buyer i(p = 1,2, 3 represents cases 1,2, and 3, respectively).
Step 2b Substitute kw . (i=1,2,....n) into (135), (139) and (143) to evaluate @], @}, and Q}'.
Step 2c Utilize Q' to determine values of @(kfﬁ) for each ¢ from (136), (140), and (144).

Step 2d Using values of ®(Fk;; %), obtain values of k;p from the normal table for each ¢ and each

p.

Step 2e Repeat steps 2b to 2d until no changes occur in the values of Qg, and kfj and denote
these values by Q{,* and kgp * respectively.

Step 3 Evaluate PJ* from (137), (141), and (145) using the QJ* for each p.

Step 4 Denote the latest updated values of @7, kY J

7 )

and PJ by Q) k7", and PJ* for
p=1,23.

Step 5 Obtain JTEC(QJ™, k™, Pi**, LV, m,) and Min_1 o, JATC(Q, k™, Pi**, LP

p "1 7,7 yLyeeey i p ' 17"7

for all 7 and p =1, 2, 3.

Step 6 Set m, = m, + 1.
It JATC(Q* kP pr [P

My’ Vi;myp T p,mp) zm’

mp) < JATC(Q2 1 k0 | P L 1,mp—1),

p,mp—17 Vmy—1 pmp

repeat Steps 2 to 6. Otherwise, go to Step 7.

Step 7 Set JATC(Q** K Px [P

p,mp? Viymyp? T pmyp) Ti,myp » Ty )
1).

Then, (Q3*, k™", Py*, LY™, my*) is the optimal solution and the optimal reorder point can

JATC(Q k2™ P [P

pymp—17 Ny —15 pmp—17 im—1 Mp—

be obtained from RV = ;LY + k"™ o/ LP*, where R denotes the optimal reorder

point for buyer ¢ and case p, p = 1,2, 3.
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9.3 Numerical experiments

Example 1

Following input values are used to illustrate the model numerically:
d; = 200 units/year, do = 100 units/year, d3 = 100 units/year, A, = $4000/setup, Ay =
$100/setup, Ay = $150/setup, Az = $100/setup, h, = $10/unit/week, hy; = $11/unit/week,

hye = $11/unit/week, hy3 = $12/unit/week, oy = 9, oo = 10, 03 =

15, m; = $50/unit,

mo = $50/unit, w3 = $51/unit, a; = 35000, and ay = 0.1. Three quality functions for three

cases described above are as follows:

1 1
Case 1 - 147
WL FP) 10-4P’ (147)
1 1
Case 2 - 148
W2 EP) 10-4P + 10-5p%’ (148)
1 1
Case 3 - . 149
W€ EP) 10-4P + 10-5P2 + 10-9P3 (149)

The lead time data is given in Table 9.1.

Table 9.1
Lead time data
Buyer 7 | Lead time component | Normal duration | Minimum duration | Unit crashing cost

(bi,r> (ai,r) (Ci,'r)
1 1 20 6 0.1
2 20 6 1.2
3 16 9 5.0
2 1 20 6 0.5
2 16 9 1.3
3 13 6 5.1
3 1 25 11 0.4
2 20 6 2.5
3 18 11 5.0
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Using the above data, we obtain optimal values of the decision variables at which the joint

total supply chain cost is minimized. Results are shown in Table 9.2.

Table 9.2

Optimal values of decision variables
Ly | Ly | L k1 ko ks C(P) Q P JTEC

m
Casel | 7 | 4 | 4 | 4 | 13158 | 1.3158 | 1.2778 | 118.57 | 171.10 | 554.27 | 54579.68
8
9

4 | 4 | 4 | 1.3845 | 1.3845 | 1.3477 | 118.66 | 151.08 | 548.26 | 54896.47
4 |4 | 4 ]1.4289 | 1.4289 | 1.3928 | 118.78 | 139.11 | 541.89 | 55052.57

Case 2
Case 3

Table 9.3
Optimal values of reorder points and mean time to failure
L | T2 | T3 1/ f(P)
Case 1 | 39 | 34 | 46 18
Case 2 | 40 | 35 | 48 3
Case 3 | 41 | 36 | 49 2

Example 2
This example illustrates a case, where the mean time to failure is independent of P. We use
the same data as it is used in Example 1, except for ﬁ. As the mean time until the machine
shifts to the out-of-control mode is independent of the production rate, the expression ﬁ can
be considered as ﬁ = %, where (3 is a constant. Conversely, we can say that the quality of
the product deteriorates at a constant rate 8, which is uninfluenced by the rate of production.

The optimal results are shown in Table 9.4.

9.3.1 Numerical discussion

Table 9.2 shows optimal results of decision variables for the three cases separately. The lead

times, at which the total supply chain cost is at a minimum, is four weeks for all buyers for
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Expected joint total cost

|

62000
61000
60000
JTEC 55000
58000

ST000

quantity

rate

Figure 19 Order quantity versus production rate versus expected joint total cost

Table 9.4

Optimal values of decision variables for independent mean time to failure

B |m|Li|Ly| Ly| Ky ks ks | oP) | Q P | JTEC
025| 8 | 4 | 4 | 4 |1.3781 | 1.3781 | 1.3411 | 118.56 | 152.87 | 554.59 | 54788.14
050 | 8 | 4 | 4 | 4 | 1.4021 | 1.4021 | 1.3655 | 118.52 | 146.27 | 559.20 | 55029.71
0751 9 | 4 | 4 | 4 | 1.4552 | 1.4552 | 1.4195 | 118.51 | 132.37 | 559.11 | 55251.83
010 | 9| 4 | 4 | 4 |1.4735 | 1.4735 | 1.4382 | 118.46 | 127.81 | 562.82 | 55460.46
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each case. Table 9.3 shows optimal reorder points of buyers and the actual mean time to failure
for all cases. The expected joint total cost for Cases 1,2, and 3 are $54579.68, $54896.47, and
$55052.57, respectively. An increased total cost can be observed for Case 2 compared to Case
1 and the similar phenomenon happens for Case 3 compared to Case 2. Whereas, the situation
is reversed for the mean time to system failure. This phenomenon is quite obvious because a
larger time after when the production process shifts to the out-of-control stage implies a lower
chance of defective items to being produced, which reduces the total supply chain cost. Now, if
we look at the quality function (f(P)) as demonstrated in three different cases, we can observe
that small changes in the production rate may result in larger deviations in the quality function
of Case 3 than those of Case 1 and Case 2. Moreover, Cases 2 and 3 can be reduced to Case 1
by assigning ¢y, c3, and ds to be zero. Similarly, Case 3 coincides with Case 2 if d3 vanishes.
Thus, if same values of the coefficients of the linear and quadratic terms are used in quality
functions for all cases, we observe the total cost from Case 1 to Case 3 increases.

Table 9.4 illustrates the case of independency of the total cost with the production rate.
The constant [ is varied as 0.25, 0.50, 0.75, and 1.00, which implies that the mean time to
failure % gives values as 4 weeks, 2 weeks, 1.33 weeks, and 1 week, respectively. We observe
an increased total cost with increasing 5. This is because when [ increases, the mean time
to failure decreases. As a result chances of defective goods to be produced by the machine

becomes large, resulting an increment of the total cost.

9.3.2 Sensitivity analysis

In this section, the deviation of the expected joint total cost with the change of all cost
parameters present in the supply chain system is studied. Cost parameters are gradually
increased from 10% up to 50% from their actual values as used in above examples, with a step
length of 10%. Changes in the total cost with varying parameters are presented in Figure 20
to Figure 24.

The variation of total cost with vendor’s cost components (setup cost, holding cost, and

175



Expected joint total cost

Expected joint total cost

26000
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Figure 20 Setup cost versus expected joint total cost
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55600
35400
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10%
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Vendor'sincreasing holding cost

Figure 21 Vendor’s holding cost versus expected joint total cost
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Expected joint total cost
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Figure 22 Ordering cost versus joint total expected cost
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Figure 23 Buyer’s holding cost versus expected joint total cost
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Expected joint total cost

Increasing rework cost

Figure 24 Rework cost versus expected joint total cost

rework cost) are represented in Figure 20, 21, and 24. Similarly, the buyer’s cost components
(ordering and holding cost) are illustrated in Figure 22 and 23. Observations made from these
figures are described as follows.

The rate of change in total cost is linear with respect to all cost parameters of the vendors
used to develop this model. The total cost is more sensitive for holding cost than that of the
setup cost. The rate of change of JT'EC with respect to the setup and holding costs is the
same for all of the cases. Therefore, a set of three parallel straight lines can be observed for
Cases 1, 2, and 3 in Figure 20 and 21, separately. However, the deviation rate of the total cost
for the three different cases is different regarding the rework cost. From Figure 24, we observe
that JTEC for Cases 2 and 3 are more sensitive than Case 1. On the other hand, figure 22 and
23 demonstrate the changes in the total cost with increasing ordering and holding cost of the
buyers, respectively. As, the three buyers are used to obtain the optimal decisions of the model,
we increase the cost components of the three buyers simultaneously, which means Figure 22
denotes the change in JT EC with the percentage increase in ordering costs for three buyers at

a time. A similar phenomenon is shown in Figure 23 for the percentage increase in holding cost.
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Again, we observe a linear rate of change in JTEC for both the ordering and holding costs at

the buyer’s end. The total cost is more sensitive towards the holding cost than the ordering cost.

9.4 Managerial insights

A relation production rate and product quality is established under single-vendor and multi-
buyer supply chain model model. The managerial insights of this chapter are stated as follows:
e A significant managerial insight lies behind the effect of increasing production rate on quality
of product. An increasing rate of production can damage the product quality which results a
hike in total supply chain cost.

e Three different types of quality function is considered such that manager can take necessary
actions to restrict the quality deterioration under different scenario.

e Optimal decisions is made by assuming variable production cost for more realistic solution.

9.5 Concluding remarks

This research proposed a supply chain model with a single-vendor and multi-buyer. The lead
time was variable and the lead time demand was considered as stochastic following a normal
distribution. The vendor’s production rate was considered as variable rather than as a fixed
entity. The relation between the production rate and the mean time to failure of the produc-
tion process was studied. In this context, three cases using three different types of functions
containing the relation between the production rate and mean time to machine failure were
established. The effects of mean time to failure for the three cases stated above on the en-
tire supply chain cost was examined, which provides a tremendous managerial insight for the
industry. Again, the model was also studied when the mean time to failure was independent
of the production rate. Moreover, the unit production cost was also considered as a variable
that was dependent on the production rate, and a special type of function was considered to

establish the relation between the production rate and the unit production cost (Khouja and
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Mehrez ,1994). At the end of the production, the finished goods were delivered to a number of

buyers through a multiple delivery policy.
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Chapter 10
A study on three different dimensional
facility location problems
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10 A study on three different dimensional facility loca-
tion problems

In supply chain strategy, designing a network is one of the most important part. This model
deals with various dimensional facility location models. Initially, this study begins with two
echelon facility location model of dimension two. Then, it is extended to three dimensional
model by adding commodity type and then, different types of transportation modes are added
to make it four dimensional model. Delivery lead time and outside suppliers are assumed to
meet the retailer’s demand too. Some lemmas are constructed to compare the optimal solution
for each of the problem. The procedure of reducing the total cost of the supply chain network by
applying a small change in constraint set is studied. This is described by another lemma. Some
numerical examples are allowed to illustrate the models. The meaning of dimension of a facility
location model is discussed. Two echelon supply chain model has been developed in this chapter.
In first step, commodities are transported between manufacturing plants and warehouses. In
the second step, same for warehouses and retailers. But, no item or commodity type or type
of transportation mode has been considered in problem P1. Thus, only commodities of single
product type along with single type of transportation mode have been used. Hence, the costs
of transportation and continuous decision variables can be represented by a two dimensional
array which makes the continuous decision variables, transportation costs as well as the entire
problem as dimension two. But, one thing is to be remembered that all variables, costs and
demands, do not lie in this category because capacities of plants or warehouses, inventory costs
are fixed. They do not depend on product type, type of transportation mode or locations
of retailers. Therefore, they always posses dimension one. Same situation happens with the
binary variables too, as they only confirm that a manufacturing plant or a warehouse is opened
or not at a particular site. Demand of the retailers depends on retailer’s locations and product
types. But since, in two dimensional problem, no product types have been assumed, so the
demand becomes dimension one. Therefore, dimension two means, the highest dimension that

the problem preserves. In the similar way, from two dimension to three dimension is extended
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by adding type of products. Problem P2 represents three dimensional model. Problem P3 is
of dimension four where the type of transportation mode is set to extend the dimension of the
model. One important thing is to be noted that two types of dimension is used to extend the
problem P1. The first one is product type which is dependant on demands of the retailer. The
second one is transportation mode which no longer depends on the demand. The aim of this
study is to compare these three models to examine how they differ. Two lemmas have been
described to compare them. Then, a small change has been applied on a particular constraint
set and the difference between the previous and new values of the objective functions of the

described models have been studied. Another lemma is described for this too.

10.1 Literature review

The facility location problem plays an important role in supply chain strategy. It has been
studied for a long time ago. The first research work was done by Weber (1909) in his industrial
location theory. It was extended by Hakimi (1964). The concept of supply chain management
(SCM) was established by Weber and Oliver (1982). Since 1970, the global competition level
among various companies throughout the world increased by many folds (for instance Erengiic
et al., 1999). SCM was introduced independent of OR (Operations Research). Then, it was
gradually appeared to be the combination of OR and SCM. In the same way, facility location
problem also entered into SCM after its independent appearance. Facility location models are
used to design various distribution networks along with facilities which have a great importance
in strategic supply chain. Chopra et al. (2006) showed an excel based solution of facility location
model. According to ReVelle et al. (2008), future studies led to different location models such
as analytic model, continuous model, discrete location model and network model. Sana (2012)
introduced an inventory model in supply chain environment. Teng et al. (2012) developed a

supply chain model where the optimal economic order quantity for buyer-distributor-vendor

B. Sarkar, A. Majumder, A study on three different dimensional facility location problems,

Economic Modelling. 2013, 30, 879-887.

183



was derived without derivative. Sarkar (2012a) considered a two-echelon supply chain model
with probabilistic deterioration.

This model deals with discrete location policy as it is more convenient for designing distri-
bution networks. Melo et al. (2009) mentioned, in his review article that, six different groups
of discrete facility location problem entitled as median problems, center problems, covering
problems, uncapacitated facility location problems (UFLP), capacitated facility location prob-
lems (CFLP) and supply chain network design (SCND) problems. The first three problems
were well discussed in Owen and Daskin (1998)’s study. Further extension of the above first
five groups involves multi products, multi echelon networks, stochastic or dynamic costs, de-
mands etc. in a facility location model. The combination of these extensions of those five
models formed the SCND group. The two-echelon, multi-commodity, capacitated facility lo-
cation problem was introduced by Pirkul and Jayaraman (1998), aiming to locate different
facilities in a supply chain so that the total network cost was minimized. This model was again
extended by them by assuming raw material vendors for supplying goods to plants. It was a
mixed integer programming problem and also a lagrangian relaxation based heuristic procedure
was proposed to solve this model. A supply chain model was considered by Wu et al. (2006)
with facility setup cost function. The aim of that model was to determine the location along
with number of facilities. Two-echelon supply chain network was introduced by Amiri (2006).
That model was based on heuristic approach along with lagrangian relaxation. He assumed
multi capacity level of each facility apart from the single capacity level used in the previous
studies. A multi-stage multi-customer supply chain with optimizing inventory decision was
introduced by Cardenas-Barrén (2007). Hinojosa et al. (2008) studied a dynamic supply chain
with inventory. A simple derivation for optimal manufacturing batch size with rework was
developed by Cardenas-Barrén (2008). An economic production quantity model with inflation
in the imperfect production was found out by Sarkar and Moon (2011). Sarkar et al. (2011)
considered an economic manufacturing quantity model for imperfect production and inflation
and time varying demand. Cdrdenas-Barrén (2011) studied the vendor-buyer integrated inven-

tory system with arithmetic and geometric inequality. Chen et al. (2011) developed a joint
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inventory location problem. They considered the risk of probabilistic facility disruption. Teng
et al. (2011) did a simple derivation for an economic lot size in an integrated vendor-buyer
system. Cardenas-Barrén et al. (2012) developed a manufacturing inventory model in a supply
chain model with three layers. There was an improved algorithm to show the optimal solution
of the model. Roy et al. (2012) obtained optimal replenishment order in a three layer supply
chain with uncertain demand. Pal et al. (2012) assumed a multi item economic order quantity
model where the demand rate decreases quadratically with increasing sales price and increases
exponentially increasing level of price breaks. Some inventory models were developed which
deal with variable demand, imperfect production, delay in payments and variable deteriora-
tion rate. The reliability in an imperfect production process was also included (for instances
Sarkar, 2012b; Sarkar 2012¢; Sarkar 2012d). An alternative heuristic algorithm to solve a ven-
dor managed inventory system was proposed by Cdrdenas-Barrén et al. (2012). They used
multi-product and multi-constraint in that model. Pal et al. (2012) considered a multi-echelon
supply chain for reworkable items in multiple markets with supply disruption. Farahani et al.
(2012), in their review article, studied the covering problems in facility location model. Kucuk-
deniz et al. (2012) assumed the integrated use of fuzzy for convex programming in capacitated
multi-facility location model. Sadjady and Davoudpour (2012) discussed two-echelon multi-
commodity supply chain network design with mode selection. Also, a Lagrangian relaxation
based heuristic solution procedure was implemented by them. The solving procedures are used
to solve the facility location problem as branch and bound algorithm, plant growth simulation
algorithm, combination of lagrangian-heuristic and ant colony algorithm (for instances Chen

and Ting, 2008; Tong and Zhong-tuo, 2008, Dupont, 2008).

10.2 Model formulation

The description of mixed integer linear programming (MILP) model with some lemmas are

illustrated.
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10.2.1 Assumptions

Some assumptions are considered to develop this model.
1. The model deals with two-echelon supply chain network.
2. All plants and warehouses have with fixed capacities.
3. Delivery lead time is considered here.
4. The demand of each retailer is satisfied.
5. Outsider suppliers are considered to fulfill the demands of the retailers too.
6. An annual fixed cost is needed for each warehouse and plant to be opened.

7. Plant and warehouse at each site have a fixed inventory holding.

10.2.2 Problem P1

Here, a capacitated facility location problem in dimension two is assumed. The dimensions
are considered as two locations in between which the commodity are to be shifted. This model
deals with two-echelon supply chain. i.e., the commodities are to be delivered from plants to
warehouses and from warehouses to retailers.

Objective function

Minf = Z Z TCjxi;D; + Z Z PTCjyWC;

iel jeJ kEK jeJ

+ Y 0SCDis;i+ Y ICiL+ > JCuJ+ Y TCW;z;
el JjeJ keK JjeJ
keK icl jeJ Jje€J keK
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subject to the constraints

10.2.3 Problem P2

POETES

JeJ

Si 2 1

Z Yjp > 1

keK

Z szm + ]j S WCij
el

Z Wijjk + Jk S PCka
JjeJ

ziycr €{0,1}Vj € J ke K

0 S Tij, Yjk, Si S 1

Now, product type is added as another new dimension.

Objective function

Minf = Z Z Z TCijpTijpDip + Z Z Z PTCipyipyW C

i€l jeJ peP

+ Z Z OSCipDipSip -+ Z Z [ij[jp + Z Z JCkakp + Z TCWij

i€l peP

keK jeJ peP

jeJ peP keK peP

jeJ

(150)

(151)

(152)
(153)
(154)

(155)
(156)

+ Z TCPycy, + Z Z Z M, D) TW Rijpxijp + Z Z Z MyWC;TPRjipyjkp

keK

i€l jeJ pEP
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subject to the constraints

> T > 1
jed
Sip Z 1

Zyjk’p 2 1

keK

Z Z Dipxijp + Z » < W0z

i€l peP

Z Z WCjyjnp + Z Jip < PCicy,

jeJ peP

zj, ¢, € {0,1}Vj € J,k e K

0 < Tijps Yjkps Sip < 1

10.2.4 Problem P3

(157)

(158)
(159)

(160)

(161)

(162)

(163)

Again, another dimension is added here. Now, the type of transportation mode is set as new

additional dimension.

Objective function

Minf

Z Z Z Z Tijpa:”lep + Z Z Z Z PTC kpy]kaC'

teT iel jeJ peP teT keK jeJ peP

ZZZOSCt Dipsy, + ZZ]CJP]]P + Z Z JCrepJip

i€l peP teT jeJ peP keK peP

S TCW s+ Y TR+ Y Y Y MD TR,

jeJ keK teT icl jeJ peP

Z Z Z Z M,WC;T PRy i,

teT jeJ k€K peP
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subject to the constraints

S (164)

teT jeJ
> s, >1 (165)
teT

DD Yy 21 (166)
teT keK

ZZZDiﬂZﬁZI' < WCjz (167)

teT i€l peP

Z Z Z WCJkarp + Z Jip < PClc (168)

teT jeJ peP

zi, ¢, € {0,1}Vj € J k € K (169)

0<at <1 (170)

1jp? yjkp’ lp

Now, we discuss about the objective functions of the above three problems. The objective
functions of problem P1, P2, and P3 minimize the total cost of the supply chain network.
The first term represents variable cost of transportation for the fulfilment of retailer’s demand.
The second term gives the variable manufacturing and transportation cost for the goods to be
produced as well as transported from plants to warehouses. The third term shows the variable
transportation cost for shifting of product from outside suppliers to retailers. The forth and
fifth terms indicate the variable inventory cost for holding of any item in the warehouses and
plants, respectively. The sixth and seventh terms represent the fixed annual cost for opening
and maintaining the warehouses and plants, respectively. The last two terms show the variable
lead time cost for the transportation of goods between warehouses to retailers and plants to
warehouses, respectively.

Now, we discuss about the constraint sets contained by the above stated three problems.
Constraint set (150) states that all demands of each retailer has to be met. In the same way,
constraint sets (157) and (164) are same as (150) but for (157), demands are met for each prod-
uct type also, and (164) is quite identical to (157), the summation varies over j € J and the type
transportation mode ¢ € T. Thus, these constraint sets satisfy assumption (153). Constraint

sets (151), (158) and (165) fulfill the criteria of assumption (154) i.e., demand of each retailer is
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to be fulfilled by outside suppliers. Constraint sets (152), (159), and (166) are exactly same as
the constraint sets (150), (157), and (164) respectively which state that atleast one plant must
be open to supply products to the warechouses. Constraint sets (153), (160), and (167) indicate
that demands of the retailers and the inventory holding of each warehouse must not exceed
the capacity level of that warchouse. Constraint sets (154), (161), and (168) are identical to
constraint sets (153), (160), and (167). The only difference is that these are for each plants i.e.,
the warehouse capacity and inventory holding of each plant can not exceed the limit of capacity
level of that plant. Finally, constraint sets (155), (162), and (169) indicate the binary property

of decision variables. Constraint sets (156), (163), and (170) are the non-negativity constraints.

10.2.5 Comparison of Problem P1 and Problem P2

We construct a lemma to compare the problems.
Lemma 1
If the commodity type is added to extend the dimension of problem P1, forming problem
P2, and if all the parameters of P1 (costs, demands of the retailers, capacities of plants and
warehouses, inventory holding) and their values are unchanged, then, the optimal cost of P2

exceeds the optimal cost of P1.

Proof
Let only one product p; be used to define the problem P1. If we consider P! as the set of
product type for problem P1, then,
Pt={p}.
Similarly, if P? be the set of all products of P2, then,
P? = {p1,pa2,..pn} = {p1} U{p2,p3, ..0n}-
This is because, all the parameters and their values corresponding to the product p; of problem
P1 are unchanged. Since, the dimension is increased, thus, we add the products ps, p3, ...p, to

problem P2 other than p; to extend the dimension.
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Thus, the objective function of P1 can be written as,

F = Minfpl ==

+

Z Z TCijp, Tijp, Dip, + Z Z PTCj1p, Yjiep WC

iel jeJ keK jeJ
Z OSCiPl Dipl Sipy T Z [ijl ijl + Z ‘]Ckpl ‘]k‘pl + Z TCWJ'ZJ'
icl jeJ keK jeJ

Z TCPyer, + Z Z My, Dip, TW Rijp, @i jp,

kekK il jeJ

Z Z My, WCST P Rjkp, Yjp,

jed keK

The objective function of P2 can be written as,

G = Minfps = F+Q

where,

forr=2,3,....n.

Y30 TCijp,wijp, Dy,

icl jeJ p,eP?

Z Z Z PTCjkp, yjrp, WC; + Z Z OSCip, Dip, sip,
keK jeJ p.epP? i€l p,eP?

D I1C, I,

j€J preP?

Z Z JCrp, Jrp, +ZZ Z My, Dy, TW Rijp, % ijp,
keK p,eP? €l jeJ prepP?

D> > MyWCTPRy, yjep,

jeJ keK p,.cP?

The constraint set (150), (151), and (152) of problem P1 become

D aip, > 1 (171)

jedJ
Sipy > 1 (172)
D Uik 2 1 (173)
keK
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Again, the set of constraints (157), (158), and (159) of problem P2 transform into

injpl Z 1 (174)

jeJ
injpr 2 1 (175)
jedJ
Sip, > 1 (176)
Sipr Z 1 (177)
> Yk > 1 (178)
keK
> ke, > 1 (179)
keK

forr=2,3,...,n.

Clearly, the constraints (171), (172), and (173) are identical to (174), (176), and (178).
The constraint sets (175), (177), and (179) are added for problem P2. As, all demands are
to be fulfilled for each product for each retailer, hence, at least one of w;;, > 0 such that
0 < xyjp, <1, forr=1,2,...n.

In the same way, from (172), (173), and from (176) to (179), we can say that at least one
of s;,. > 0 such that 0 < s;, <1 and that of y;,, also for r =1,2,..n.

Thus, we can easily say that, F' > 0 and ) > 0 and
G=F+Q>F.
Therefore, G > F.

10.2.6 Comparison of Problem P2 and Problem P3

We construct another lemma to compare the problems.

Lemma 2

If the type of transportation mode is considered to extend the dimension of problem P2 to

form a new problem P3, and if all the parameters of P2 and their values are unchanged, then,
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the value of the objective function of the present problem P3 is less than or equal to problem P2.

Proof

As, problem P2 contains no transportation mode as its dimension, thus we can consider
only one transportation mode t; to transport goods from one node to another.
If T' is the set of all transportation mode for P2, then, T' = {#;}. Let T? be the set of all
transportation mode for P3. As, mode of transportation is added to P3 to make this problem
dimension four, we consider ,

= {t1,to, ..., ty} e, T? = {t1} U {to, t3, st} = T U {to, t3, ..., t, )}

The objective function of P2 can be written as,

Fy=Minfp, = Z Z Z chjlfprjlpD’P + Z Z Z PTC ilﬂPkapWC

i€l jeJ peP keK jeJ peP

+ Y N 08CHDysh + YD ICL, + 0D JCkdiy+ Y TCWiz;
i€l peP j€J peP keK peP jeJ

+ Z TCPycy + Z Z Z M,D;, TWR!
keK iel jeJ peP

+ >N MWCTPRY Y

j€J keK peP

The objective function of P3 can be written as,

Minf = R+ Z Z Z Z Tczt;pr;pD’P - Z Z Z Z PTC kpyjkpwc

teT? icl jeJ peP teT? keK jeJ peP
tr tr tr ot
+ D> Y D 0SCEDysh + Y Y Y > MDD, TWRY al
i€l peP tcT? teT? i€l jeJ peP

+ ZZZZMWC TPR kpyjkp

teT? jeJ keK peP

Constraint sets (157), (158), and (159) becomes

> i, >1 (180)

jeJ
sih>1 (181)
Z yjkp =1 (182)
keK
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Constraint sets (164), (165), and (166) becomes

Yoah, Yy Y > (183)

jeJ teT? jeJ
LEY s> (184)
teT?
Z yjkp + Z Z yjkp (185>
keK teT? ke K

forr=23,....,n

From the above constraint sets, it can be easily seen that transportation mode is indepen-
dent of demand.

Let Ot = {c', ¢}, ..., c1} be the set of all costs for P2 and C2? = {c", ¢y, ..., cr} be the set
of all costs for P3.

Now, if c’;l > c?', fort=1,2,....m;5=1,2,....,s;and r = 2,3,...,n
then, min{c’, c?} = c? and the values of the continuous variables multiplied with c;' becomes
zero. Thus, the value of I} for P3 becomes lower than that of P2.
Now, fori=1,2,...m;j=1,2,...,sand r =2,3,...,n

Case 1
If all ¢, ¢y, ..., cly < Vel
Then, all the continuous variables multiplied with all c§ V7 and r will be zero. We can say,
G =F

Case 2
If ¢ > ct” for some ¢}, f,

Then, the continuous variables, multiplied with those cfl for some 7, will be zero. From the
set of constraints (183), (184), and (185), we can see that no particular transportation mode is

needed to fulfill the demand, i.e., mode of transportation is independent of demand. So from

Case 1, we can say,

Gl < Fj.
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Case 3
If cfl > c?'chl, then, it is obvious that,
G1 < Fy.

From above three cases, we can say that G; < F3.

10.2.7 Change in constraint set

Lemma 3

If the demand constraint sets for outside suppliers of the above three problems P1, P2,
and P3 are changed from each retailer to for all retailers i.e., if the demand is divided into all

retailers, then, the total cost will be minimized.
Proof
The demand constraint sets for outside suppliers of problem P1 is,
s; > 1 (186)
which is converted into,

d s> (187)

el

for the sake of simplicity, we consider the above constraint sets as,
s;i =1 (188)

and

d si=1 (189)

iel

also let us consider the set I = {1,2...,n}.
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constraint set (188) can be written as

S1 = 1
So = 1
(190)
S, =1
\ Ve
which shows s; = 1Vi € I.
But, from constraint sets (189), we get
S1+ S+ ... +s, =1 (191)

which implies that, s; < 1 for each ¢ or s; = 1 for any ¢ and the rest of s; are zero. Both of
them shows that the objective value of the original problem P1 exceeds the objective value of

the modified P1. Similar proof may be allowed for problem P2 and P3.

10.3 Numerical experiments

Now, we show the numerical examples of the above problems in different dimensions using
LINGO 13.0 optimization software. We first show this example for two dimensions. Then, we
proceed to the next higher dimensions. We consider that there are two plants, two warehouses
and two retailers. Moreover we consider one outside supplier who supplies commodities to the
retailers. For the sake of simplicity, we assume the set of retailers, warehouses and plants as
I ={A B}, J={A, B}, and K = {A, B}, where A and B are name of the locations of different
facilities and retailers so that goods are shifted between A to A, A to B, B to A, and B to B.
The transportation of products between A to A and B to B imply that products are shifted
between any two locations of same region. If we suppose A as a particular country then, the
shipment of goods may be considered as between any two states of the same country.

Now, we study for two dimensional problem i.e., problem P1. By our assumptions, the

transportation and inventory costs, retailer’s demand, lead times and capacity levels of plants

196



and warehouses are given below.

Capacities of warehouses and plants

WC 4 = 120 units WCgs = 120 units
PC 4 = 400 units PCp = 400 units

Demands of each location

Dy, = 12 units Dp = 8 units

Total cost for a warehouse and plant at each site to be opened

TCW4 =$ 6000 TCWg = $ 4500
TCPy =$ 10000 TCPg =$ 8000

Production and transportation cost per unit of product from plants to warehouses

PTCy4=9%381 PTCyp =% 97
PTCgps =% 110 PTCpp =377

Transportation cost per unit of product from warehouses to retailers

TCas =% 90 TCup =% 100
TCpa=9$ 120 TCpp =% 80

Unit inventory holding cost for warehouses and plants

IC,=%11 ICp=%15
JCys =938 JCp=9%11

Transportation cost per unit of product to the retailers from outside suppliers

0SCy =$ 82 OSCg =$ 90

Unit lead time cost

M =%10

Delivery lead time per unit of product from warehouses to retailers and from plants to ware-

houses
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TWRa4 = 2 days
TW Rps = 4 days
TPRss = 3 days
TPRpa = 5 days

TW Rap = 3 days
TW Rgp = 2 days
TPRsp = 4 days
TPRgp = 3 days.

Now, we proceed to the next higher dimension i.e., dimension 3. Here, we add the commodity
or product type as an extra dimension. So the model deals with two echelon, capacitated, multi
commodity facility location problem. All the notation used in this model, are stated on problem
P2. The set P is added here and we consider P={py, po}. All the costs, capacity level of plants
and warehouses, demands of the retailers and lead time used to solve the problem P1, are
unchanged. All extra costs, demands and lead times added here, caused by the addition of the
extra dimension only. Now, we put all values.

Capacity levels of warehouses and plants

WC 4 = 120 units
PC 4 = 400 units

WCgs= 120 units
PCg = 400 units

Demands of the retailers for each product

D ap, = 12 units

Dpg,, = 8 units

D 4p, = 10 units

Dpp, = 9 units

Total cost for each warehouse and plant to be opened

TCW4 =$ 6000
TCP4 =$ 10000

TCWg = §$ 4500
TCPg = $ 8000

Production and transportation cost per unit of each product from plants to warehouses

PTCapp, =$ 81
PTCpap, = $ 110

PTCap,y, = $ 97
PTCpp,, = $ 77

PTCapp, =$ 79
PTCpap, = $ 120

PTCap,, = $ 98
PTCpp,, = $ 70

Transportation cost per unit of each product transported from warehouses to retailers




Inventory holding cost per unit of each product at each warehouse and plants

TCpap, = $ 90 TCapy, = $ 100
TCpap, =$120 |  TCpp, =$ 80
TCaup, = $ 88 TCapp, = $ 115
TCpap, =$125| TCppp, =$ 75

[Cyp, =$11 | ICp, =$15
[Cap, =812 | ICap, =$17
JCap =$ 9 JClpp, = $ 12
JCpp, =$10 |  JCp,, =$ 14

Transportation costs per unit of each product via outside supplier

Delivery lead time per unit of each product from warehouses to retailers and from plants to

warehouses

OSCoap, = $ 82
OSCap, = $ 80

0SCp,y, = $ 90
0SClp, = $ 92

TW Raap, = 2 days
TW Rpap, = 4 days

TVVRABP1 =3 days
TW Rppp, = 2 days

TW Raap, = 2 days
TW Rpap, = 5 days

TW Rapp, = 3 days
TWRBBpg =4 days

TPRAApl =3 days
T’Pl’:EBAp1 =5 days

TPRApp, = 4 days
TPRBBp1 =4 days

TPRAap, = 4 days
TPRpap, = 6 days

TPRABm =3 days
TPRgpgp, = 5 days

Unit lead time cost for each product

—_
)

&L | P

Mpl
MP2

—_
N}




Now, we extend the dimension again i.e., dimension 4. Problem P2 is converted into prob-
lem P3. Here, we add the mode of transportation as an extra dimension. We consider two types
of transportation mode available here. Thus, we assume the set T of different transportation
mode as T' = {t;,t2}. Again, in the similar manner, we do not change the transportation
and inventory costs, the capacity levels, demands of the retailers and lead times used in the
previous three dimensional model. The extra costs, lead times are just due to the addition of

new dimension. Now, according to our assumption, we consider as follows:

Capacity levels of warehouses and plants

WC4 = 120 units
PC 4 = 400 units

WCps = 120 units
PCg = 400 units

Demands of each item to each retailers

D 4p, = 12 units

Dpy, = 8 units

D 4p, = 10 units

Dpp, = 9 units

Total cost for each warehouse and plant to be opened

Production and transportation costs per unit of each product delivered from plants to

TCW,4 =$ 6000

TCP4 =$ 10000

TCWpg = $ 4500
TCPg = $ 8000

warehouses via each transportation mode

PTCY,, =$81 | PTCip, =897 | PICy,, =$110| PTChy, =877
PTCY ), =879 PTCYy,, =$ 98 PTCR,,, =$ 120 PTCRy,, =$ 70
PTC%, =$100 | PTC%, =$110| PTC%, =$120| PTCZ, =$90
PTC%,,, =$ 97 PTC%y,, =$ 115 PTCE,,, = $ 130 PTCp,, =$ 82

Transportation costs per unit of each product delivered from warehouses to retailers via each

transportation mode




TCY,,, =$ 90 TCg,, =$ 100 TCR4,, =$ 120 TCp,, =$ 80
TCY,,, =9$ 88 TCYg,, =9$ 115 TCHyy, =% 125 TChp,, = $ 75
TC%,, =$110 | TCy, =$120| TCg, =$140| TCgg, =$ 100
TC%y, =$105 | TChy, =$140 | TCE,, =8$145| TCEy, =$ 92

Inventory holding cost per unit of each product at each warehouse and plant

ICyp, =$11 | ICp, =$15
[Chp, =$12 |  ICp,, =$17
JCap, =$ 9 JClpp, = $ 12
JCuy =$10|  JCp, =$ 14

Transportation costs per unit of each product delivered to each retailers via outside supplier

through each transportation mode

0SCy, =$82| 0SCy, =%90
0SCY, =$80| 0SCy, =$92
0SC% =$92| 0OSCE, =$102
0SC%, =$91| OSCE, =$100

Lead time per unit of each product for the shipment between warehouses to retailers

TWRY Ap, = 2 days

TVVRBB]D1 = 3 days

TW R’ ap, = 4 days

TVVR%BP1 = 2 days

TWRY Ap, = 2 days

TWRQBPQ = 3 days

TWR%APQ = 5 days

TI/VR%BP2 = 4 days

TI/VRZAP1 = 0.5 days

TVVRIZBID1 = 1 days

TWRE,, = 1.5 days

TWRngI = 0.5 days

TW R% Ap, = 1 days

TW R%p,, = 1.5 days

TW R Ap, = 2 days

TI/VR'SBQB:D2 = 1 days

Lead time per unit of each product for the shipment between plants to warehouses

TPRfjAp1 = 3 days

TPR'p, =5 days

TPR%AP1 = 6 days

TPRYp, = 3 days

TPRZAPQ = 3 days

TPR},, = 4 days

TPR3,,, = T days

TPRféBp2 = 5 days

TPRfjA]D1 = 1 days

TPRijp1 = 2 days

TPR%AP1 = 2.5 days

TPR’EBP1 = 1 days

TPRfjAp2 = 2 days

TPRfoBp2 = 2.5 days

TPR%APQ = 3 days

TPRtB?Bp2 = 2 days
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Unit lead time cost for each product

M,, =$ 10
M,, = $ 12

The solutions are described below.

Numerical results for dimension two are given in Table 10.1 and Table 10.2.

Case 1
Table 10.1
Result based on actual problem P1
Continuous variable Value Binary variables value
TAB 1.00000 2B 1
TBB 1.00000 cB 1
YAB 1.00000
YBB 1.00000
54 1.00000
sp 1.00000

Minimum cost= $ 45844

Total variable= 18

Total constraint= 33

Case 2

Change of constraint set (151), demands are satisfied for all retailers instead of for each retailer.

Constraint set (151) become,

d s> (192)
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Result based on changed constraint set of problem P1

Table 10.2

Continuous variable Value Binary variables value
TAB 1.00000 Zp 1
TBB 1.00000 cB 1
YaB 1.00000
YBB 1.00000
Sp 1.00000

Minimum cost= $ 44860
Total variable= 18

Total constraint= 32

Numerical results for dimension three are given in Table 10.3 and Table 10.4.

Case 1

Table 10.3
Result based on actual problem P2
Continuous variable Value Binary variables value

T AAp, 1.00000 24 1
TBAp, 1.00000 cA 1
T AAps 1.00000 cB 1
TBAps 1.00000
YAAp, 1.00000
YBBp: 1.00000
YABp, 1.00000
YBBp, 1.00000

S Ap, 1.00000

5 Aps 1.00000

SBp, 1.00000

SBps 1.00000
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Minimum cost= $ 78797

Total variable= 32

Total constraint= 65

Case 2

Change of constraint set (158), demands are met for all the retailers but for each product, and

constraint set (158) becomes,

D sy >1 (193)

iel
Table 10.4
Result based on changed constraint set of problem P2
Continuous variable Value Binary variables value
T AAp, 1.00000 ZA 1
TBAp, 1.00000 ca 1
T AAp, 1.00000 CRB 1
T B Aps 1.00000
YAAp 1.00000
YBBp, 1.00000
YABp, 1.00000
YBBp; 1.00000
5 Aps 1.00000
SBp, 1.00000

Minimum cost= $ 76987
Total variable= 32
Total constraint= 63

Numerical results for dimension three are given in Table 10.5 and Table 10.6.
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Case 1

Table 10.5
Result based on actual problem P3
Continuous variable Value Binary variables value
. 1.00000 2B 1
g, 1.00000 ca 1
T B0, 1.00000
T Apy 1.00000
yngl 1.00000
ygBm 1.00000
o 1.00000
S 1.00000
. 1.00000
5B 1.00000

Minimum cost= $ 59048

Total variable= 52

Total constraint= 105

Case 2

Change of constraint set (165), demands are met for all the retailers and for all transportation
mode too but for each product, and constraint set (165) becomes,

SN s, 21 (194)

i€l teT
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Table 10.6

Result based on changed constraint set of problem P3

Continuous variable Value Binary variables value

T 5, 1.00000 2B 1
B, 1.00000 cA 1
%50, 1.00000

Yiap, 1.00000

Y, 1.00000

Y B 1.00000

S 1.00000

sty 1.00000

Minimum cost= $ 57236
Total variable= 52
Total constraint= 103

10.3.1 Numerical discussion

In the above tables, non-zero decision variables along with their values are allowed and rest of
the decision variables are all zero. First, discuss about Case 1 of the above tables i.e., Table 10.1,
Table 10.3 and Table 10.5. From the above numerical experiments, the cost $ 45844 is found
for problem P1 and $ 78797 is found for problem P2 as minimum cost. The cost is increased
due to the additional product. Problem P1 consists of single product only, also each cost for P1
has not been changed for problem P2, moreover the additional costs for the new product have
been added too, resulting the increment of minimum cost. But in case of problem P3, the cost
is decreased. It is really an interesting matter that using the type of transportation mode as an
extra dimension causes reduction of cost. From Table 10.3 and Table 10.5, the first one has 14
non-zero decision variables but the second one has 13, which has made the objective function of

problem P3 lower than that of problem P2. Thus, allotment of goods in cheaper transportation
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mode can dwindle the total minimum cost of the network. Now, from Table 10.2, Table 10.4
and Table 10.6, we see a small change, in constraint sets (151), (153), and (165), which has
reduced the total network cost. We have just varied the summation over ¢ € I, the set of retailer
location which indicates that the demand of one retailer is divided into all retailers. From the
tables for Case 2 above, it can be seen that at least one supply of product via outside suppliers

to the retailers is stopped with respect to the tables for Case 1, resulting reduction of total cost.

10.4 Managerial insights

A facility location model is considered in this chapter for three different dimensions. The
managerial insights of this chapter are as follows:
e Three different dimensional facility location problems are compared in this chapter to suggest
managers adopting proper action to reduce entire supply chain cost.
e An procedure is developed to reduce the system cost by applying a small change in constraint

set, which would help the managers very easily.

10.5 Concluding remarks

Three different dimensions in the facility location problem was considered to match the real
life situation of locating different facilities for industrialization. The variations between the
objective functions of three different dimensional problems were investigated. This chapter
concluded that the increment or reduction of cost depends on the type of the dimension used.
Two separate type of dimensions were used such as product type and transportation mode.
Types of products depend on the retailer’s demand, hence, these create the increments of costs.
Again, the mode of transportation is independent of the retailer’s demand which indicates the
reduction of the cost. Lastly, a small change in the constraint sets was considered which results

the decrement of total cost.
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Conclusions and future extensions

This dissertation covered many practical problems related to modern supply chain manage-
ment. The research model in Chapter 3 developed the procedure to diminished the entire
supply chain cost by an investment to reduce the vendor’s setup cost. Chapter 4 used an-
other investment function to reduce the probability of imperfect production of items along
with reduction of vendor’s setup cost. Chapter 5 optimized the joint supplier-buyer’s cost
under lot-splitting policy and deterioration of products. The investment functions are also
incorporated to reduce the setup cost and imperfect production. Chapter 6 concluded that
in decentralized supply chain model, manufacturer should determine the retailer’s purchasing
cost depending on retailer’s decision to achieve a profitable business. Chapter 7 compared a
tradition and consignment policy in a supply chain. This chapter observed that the joint profit
for the consignment policy is greater than joint profit of the traditional policy. To reduce the
royalty for the retailer a new method was provided. By using the proposed method the royalty
for the retailer was reduced without affecting the joint profit of the supply chain. Chapter 8
minimized the cost of an one-vendor multi-retailer supply chain model with partial backorder.
The model relaxed the classical assumption of fixed production rate with variable production
rate and a ‘U’-shaped function for variable production cost was also utilized to make the model
a realistic one. Chapter 9 analyzed the relation between production rate and the mean time
to failure of a production process. Three cases with three different types of functions were
provided, which contains the relation between production rate and mean time to machine fail-
ure. Chapter 10 compared three facility location problems with three different dimensions. The

study proved that the increment or reduction of cost depends on the type of the dimension used.

Future extensions
There are many possible extensions of the research models stated above. Some of them are

pointed below.

e The single-setup multi-delivery policy can be extended by unequal shipment.
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The dimension of a facility location problem can be extended by generalized n dimension

for n € N (Set of natural numbers).

A fruitful research can be done by assuming a discrete investment to reduce setup cost

and quality improvement of products instead of continuous investment.

An integrated supply chain model can de extended with three or more echelon with

multi-type of products.

The consignment policy can be extended by variable selling-price and controllable lead

time.
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