Total Pages—8 ~ C/16/DDE/M.Sc./Part-I/Maths./1

2016
M.Sc. Part-I1 Examination

'APPLIED MATHEMATICS WITH
OCEANOLOGY AND COMPUTER PROGRAMMING

; PAPER-—I
Full Marks : 100
- Time : 4 Hours
The ﬁgures in the margln indicate full marks

.Candidates are required to give their answers in thezr
own words as far as practicable.

Tllustrate the answers wherever necessary.

‘ Write the answer to questions of eﬁcli group in
Separate answer booklet.
Group—A
~ (Real Analysis)
‘[Marks :.40]
Answer Q. No. 1 and any three from Q. No. 2 to Q. No. 6.

1. Answer ka‘ny one of the following : 1x1-
(a) Déﬁne a measurable function. :

(b) When a 'boundebd function on [a, b] is said to be
Lebesgue integrable on [a, b]?

(Turn Qver)



(a)

(b)

()

. (a)

(b)

()
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Prove that a functlon f : [a, b] = R is integrable with
respect to ¢ on [a, b] if and only if for every ¢ > 0,
there exists a partition P of [a b] such that

U(Pfa)—L(Pfa)<£‘ : 6
Consxder the sum (2+5+7+9+10+13+15).
Show that the above sum can be represented as

Riemann-Stieltjes integral. = : 4
Evaluate : ](3x 7)d(2|x| 5) 3
-2 ;

Esteblish a necessary and sufficient condition for a

function f : [a, b] » R to be of bounded variation.

6
Let f(x)=|x-1|+2, xe[-1, 3].

function of bounded variation on [-1, 3]. Determme
the total variation on [-1, 3] and the van_atlon

 function on -1, 3]. - it S

Determine the points of discontinuities of the variation
function of the following function with bounded

variation defined on [-1, 10] : 2
1% A{R) A T w9 ~1sx<0
= 'x + 2, 0<sx=x<1
= 9§, 1 <x<-2"
= sin x, 2 <x<3
= e+ 71, 3=<xx<4
= x3—22'+'1,"4<xs 10.

Show that f is a

(Continued)

4. (a) IfAandB are measurable subsets of [a, b], then prove

that both AUB and ANB are measurable sets on

~ [a, b]. Also prove that :

(b)

(©)

5. (a)

(b)

()
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: jf(x) dx

m(A) + m(B) = m(AUB) + m(ANB). 5

Prove that every continuous function f(x) defined on
[a, b] is a measurable function. g
Show that,

' fix) = 5 for rational x in [1, 4]

= 3 for irrational x in [1, 4]
is a measurable function on [1, 4]. : 3
Let f be bounded and Lebesgue integrable on |a, b]

and g be bounded such that f = g a.e. on [a, b]. Then
show that g is also Lebesgue mtegrable and the value

of their Lebesgue integral are same. - S
Let A; and A, be subsets of [a, b]. Then show that
m*(A;) + m*(A;) = m*(A;UAy) + m*(A;NA,). 5

Wit j
Evaluate g (7x+5[x]) dx®. i ’ 3

Prove that if the bounded functlon f(x) on [a, b] is

Lebesgue integrable on [a, b] then | f{x)| is also so on
[a, b] Also show that ;

s”f(x)]dx. e 5
= : ‘

(Turm Qver)



(b) Check whether the function ‘f(x) defined by

=) 2+;, ngs
Sis s

‘is Lebesgue integrable on [0, 1].

If the integral exists, then find its value. 5

(c_) State the following theorems : i ; 3 '

(i) ‘Monotone Coﬁvergencé Theorem ;

(i) Bounded Convergence Theorem.

' 'Group-—B
e v'(Convt'plex Analysis)
[Marks : 30]
Answerv all questions.
7. Answer any two questions : \ v 2x2

(a) Find the principal argument (AXZ) of the complex
- number -1 +i. ol 2

(b) Locate and name the singularity of

i (2+4)
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2

{c) If f(z) and g(z) are analytic at z, and f(z,) = g(zy) =0
‘but g'(zg) # 0, then prove that
flz) _ f"(zo)v. 4 ) 2
22 8(2z) g'(zo) '
8. Answer any four‘questi'ons::‘» : _ ' . 4x5

(a) Show that, under suitable conditiohs, to bé stated by
you, :

S 1 ¢ flz)dz

f'la) = 5 [~

‘ 2"“ c(z-a) :
where C 'is a closed contour surrounding the point
z. % a ot Tl & . 1+4
(b) Show that u(x, y) = ‘sin hy siny is harmonic and then
find the harmonic conjugate v, where f(z) = u + iv is
analytic. : . 5

() Show that w = i;‘_‘;‘ transforms z = 1 into a circle

in the w-plane. Find the centre and radius of the

_circle. o v i 5
() Evaluate the following integral : e
2 i cga L »
1= [—3222 -dz, Ci|z-2|=2.

¢ (zv—l)(z2 +9)
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() If z = rei® ang f(z) =

u(r, ) + iv(r, 0, b
o ( ) o tam the

Riemann relation in terms of r and 6. 5

® @ Prove that Z is nowhere dlfferentlable functxon

(ii)) Prove that Z = ¢ is a removable smgulanty of

Z-sinz

N e e 213

9, Answer any one question :

1x6
2n -
(a) Evaluate : J= [_.do
/'0 5+4sin@ ° ! i 6

(b) Evaluate by the method of ‘contour integratien

< a-1 - '
[¥=dx, 0<a<1.
0

1+x 6
Group—c
(Ordinary D(fferential Equations)
~ [Marks : 30]
Answer any two questions : . 2x15°

10. (a) Show that when nis a

positive number '
coeffxc:ent of ¢n J a(2) is the

in the expansion of ez/ 2(t - 1/t) m'
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ascending and descending powers of t. Also show that
J,(2) is the coefficient of t™ multiplied by (-1)" in the
above expansion Use it or otherwise prove that
ZJ,'2) = 2 (Z) an(Z). : 5+3

(b) Show that
1+ 3P1 +5P +7P3 ++-+(2n+1)P, = %[I’nﬂ ¥k ‘

where P,(Z) be the 'Le'gendre. polynomial of _degree n.

'(c) Define the following terms in connectlon w1th the 2nd
order differential equatlon :
(i) Ordinary point ; v
(ii) regular' singular: point. ' s L3
11. (a) Estabhsh Rodngue s formula for Legendre poly-
nomial. . ‘ 4

(b) Find the general solution of }the equation
2Z(1-Z)0"(Z) + @'(Z) + 40(Z) = O, by Frobenius
method about Z = 0 and show that the equation has
a solution which is a polynomial in Z. 6

v () If m < n show that
) [Z™P,(2)dz=0 ;
; =10 St

n gnil | :
i jZ,P,F(Z)'dz— (l_) | 5
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o 12 (a) What is Bessel s functlons of order n ? State for what
‘ values of n the solutions are mdependent of Bessel’s
equation of order n. ; .3

(b) Under a suitable transformation to be considered by
you, prove that hypergeometric function can be
reduced to confluent hypergeometric function. 4

'(c) Find the Legendre polynomial P (z) by solvmg the
_ followmg differential equation : :

: d?w : dw '
S

Hence show that : »
- 522 - 37 = —Ps(z)— LPy(2)- 2Py(2) - S Py (2).

5+3
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